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1 Axioms of Probability

(Based on Casella/Berger, Sections 1.1, 1.2 & 1.3)

1.1 o—Fields

Let Q be the sample space of all possible outcomes of a chance experiment. Let w € Q (or

x € Q) be any outcome.

Example:
Count # of heads in n coin tosses. Q = {0,1,2,...,n}.

Any subset A of ) is called an event.

For each event A C Q, we would like to assign a number (i.e., a probability). Unfortunately,

we cannot always do this for every subset of (2.

Instead, we consider classes of subsets of 2 called fields and o—fields.

Definition 1.1.1:
A class L of subsets of €2 is called a field if Q € L and L is closed under complements and

finite unions, i.e., L satisfies
(i) el
(ii) Ac L= A% ¢ L

(iii) A, BeL = AUBE€L

|
Since Q¢ = @, (i) and (ii) imply @ € L. Therefore, (i)’: @ € L [can replace (i)].
Note: De Morgan’s Laws
For any class A of sets, and sets A € A, it holds:
U A=(() 4% and [ 4= (| 49°.
AeA AeA AeA AeA
|

Note:
So (i), (iii) imply (iii): A,B € L = AN B € L [can replace (iii)].



Proof:

ABeL Y A€ BC e L B (aCuBC e L (ACUBCYC e L2Y AnBeL

Definition 1.1.2:
A class L of subsets of € is called a o—field (Borel field, c—algebra) if it is a field and closed
under countable unions, i.e.,

(iv) {Ap}, e L= |J An € L. n

n=1

Note:
(iv) implies (iii) by taking A, = @ for n > 3.

Example 1.1.3:

For some Q, let L contain all finite and all cofinite sets (A is cofinite if A® is finite — for
example, if Q = IN, A = {z | x > ¢} is not finite but since A = {x | < ¢} is finite, 4 is
cofinite). Then L is a field. But L is a o—field iff (if and only if) Q is finite.

o0
For example, let Q = Z. Take A,, = {n}, each finite, so A, € L. But U A, = 7" ¢ L, since

n=1

the set is not finite (it is infinite) and also not cofinite (<U An> = 7, is infinite, too).
Question: Does this construction work for Q = Z+ 77

o c
If we take A, = {n}, then (U A ) = (0 € L. But, if we take A, = {2n}, then
1

(GAn>={2a476 }¢Land<fj )-{1,3,5,...}§ZL. =

n=1

Note:

The largest o—field in € is the power set P(Q2) of all subsets of Q2. The smallest o—field is
L={0,0}. |
Terminology:

A set A € L is said to be “measurable L”. [
Note:

We often begin with a class of sets, say a, which may not be a field or a o—field. [



Definition 1.1.4:

The o—field generated by a, o(a), is the smallest o—field containing a, or the intersection

of all o—fields containing a. [

Note:
(i) Such o—fields containing a always exist (e.g., P(€2)), and (ii) the intersection of an arbitrary

# of o—fields is always a o—field.

Proof:
(ii) Suppose L = ﬂLg. We have to show that conditions (i) and (ii) of Def. 1.1.1 and (iv) of

Def. 1.1.2 are fulﬁ(iled:

i)Qely V0= NelL

(i) Let Ac L= Ac Ly V9= A c Ly ¥V = A c L

(iv) Let A, € L Vn= A, €Ly V9 Vn=|JA, €Ly V0 = |JAn €L =

Example 1.1.5:

Q={0,1,2,3},a = {{0}},b = {{0}, {0, 1}}.

What is o(a)?

o(a): must include Q, @, {0}

also: {1,2,3} by 1.1.1 (i)

Since all unions are included, we have o(a) = {Q, 0, {0},{1,2,3}}

What is o(b)?

o(b): must include Q, @, {0}, {0, 1}
also: {1,2,3},{2,3} by 1.1.1 (ii)
{0,2,3} by 1.1.1 (ii)

{1} by 1.1.1 (i)

Since all unions are included, we have o(b) = {Q, 0, {0}, {1},{0,1},{2,3},{0,2,3},{1,2,3}}
|

Note:
If Q is finite or countable, we will usually use L = P(Q). If | Q |=n < oo, then | L |= 2"

If © is uncountable, P(2) may be too large to be useful and we may have to use some smaller
o—field. [



Definition 1.1.6:
If Q = IR, an important special case is the Borel o—field, i.e., the o—field generated from all

half-open intervals of the form (a,b], denoted B or B;. The sets of B are called Borel sets.

The Borel o—field on R? (Bg) is the o—field generated by d—-dimensional rectangles of the form

{(z1,29,...,2q) |a; < x; < bj;0=1,2,...,d}. [ ]
Note:
[e.e]
. . 1
B contains all points: {z} = ﬂ (x — —, ]
n=1 n

closed intervals: [z,y] = (z,y] + {z} = (z,y] U {z}

open intervals: (z,y) = (z,4] — {y} = (2,5] 1 {y}°
[e.e]
and semi-infinite intervals: U x,z + n) |
n=1
Note:
We now have a measurable space (2, L). We next define a probability measure P(-) on (€2, L)
to obtain a probability space (2, L, P). [ |

Definition 1.1.7: Kolmogorov Axioms of Probability

A probability measure (pm), P, on (£, L) is a set function P : L — IR satisfying

(i) 0< P(A) VAeL
(il) P(Q) =1

(iii) If {A,}22, are disjoint sets in L and U A, € L, then P( U Ap) = Z P(A
n=1

n=1 n=1

Note:
o0

U A, € L holds automatically if L is a o—field but it is needed as a precondition in the case
n=1

that L is just a field. Property (iii) is called countable additivity. [ |



1.2 Manipulating Probability

Theorem 1.2.1:
For P a pm on (2, L), it holds:

(i) P(@)=0
(ii) P(A®)=1—-P(A) VAc L
(ii) P(A) <1 YAeL
(iv) P(AUB)=P(A) + P(B) - P(ANB) YA,B€ L

(v) If A C B, then P(A) < P(B).

Proof:

(i) Let A, =@ Vn= ) A, =0 € L.

n=1

ANA =0N0 =0 Vi, j= A, are disjoint Vn.
P(0) = P( D Ay PTG i P(A,) = i P(0)
n=1 n=1 n=1
This can only hold if P(®) = 0.
(ii) Let Ay = A, Ay = AY A, = @ VYn > 3.
Q= GAn:AIUA2U G A, =A1UAUQD.

n=1 n=3

AiNA=A1NO=AN0 =0 = A, Ay, D are disjoint.
1=p@) = P A
n=1
Def1.1.7(iii) i
= P(Ay)
n=1

= P(A) 4 P(A) + Y P(A)

n=3
Th1.2.1(i) P(Ay) + P(Ay)
—  P(A)+ P(A%)

— P(A%)=1- P(A) VA< L.



(iii) By Th. 1.2.1 (ii) P(A) =1 — P(A%)
= P(A) <1 VA€ L since P(AY) > 0 by Def. 1.1.7 (i).

(iv) AUB = (ANBY) U (AN B)U (BN AY). So, (AU B) can be written as a union of
disjoint sets (AN BY), (AN B), (BN A%).

Theorem 1.2.1 (iv)

%

— P(AUB) = P(ANB®)U(ANB)U (BN A%))
PSILTED - pAn BOY 4 P(AN B) + P(Bn AC)
= P(ANBY) 4+ P(ANB)+ P(BNA%) + P(ANB)— P(ANB)
= (P(ANBY)+ P(ANB))+ (P(BN A°) + P(ANB)) — P(AN B)
De f.1.1.7(iii)

P(A) + P(B) — P(AN B)

(v) B= (BN A®) U A where (BN AY) and A are disjoint sets.

Theorem 1.2.1 (v)

()

De f1.1.7(iii)

= P(B) = P((BN A®)U A) P(BNA%) + P(A)

— P(A) = P(B) — P(Bn A%)

— P(A) < P(B) since P(BN A%) >0 by Def. 1.1.7 (i).



Theorem 1.2.2: Principle of Inclusion—Exclusion
Let Ay, Ay, ..., A, € L. Then

n n n

P( U Ak) = Z P(Ak)— Z P(AklﬁAkQ)-i- i P(AklﬁAkQQAkS)—

k=1 k=1 k1<k2 k1<ko<ks

Proof:
n =1 is trivial
n = 2 is Theorem 1.2.1 (iv)

Use induction for higher n (Homework).

Note:

A proof by induction consists of two steps:

First, we have to establish the induction base. For example, if we state that something

holds for all non—negative integers, then we have to show that it holds for n = 0. Similarly, if

we state that something holds for all integers, then we have to show that it holds for n = 1.

Formally, it is sufficient to verify a claim for the smallest valid integer only. However, to get

some feeling how the proof from n to n + 1 might work, it is sometimes beneficial to verify a

claim for 1,2, or 3 as well.

In the second step, we have to establish the result in the induction step, showing that some-

thing holds for n + 1, using the fact that it holds for n (alternatively, we can show that it

holds for n, using the fact that it holds for n — 1).

Theorem 1.2.3: Bonferroni’s Inequality
Let A1, As,..., A, € L. Then

Proof:

Right side: P(| J 4;) <> P(4;)
=1

i=1
Induction Base:
For n =1, the right side evaluates to P(A;) < P(A;), which is true.

Formally, the next step is not required. However, it does not harm to verify the claim for
n =2 as well. For n = 2, the right side evaluates to P(A4; U Ay) < P(A;) + P(A3).

P(A; U Ay) Th.1.2.1(iv)

by Def. 1.1.7 (i).

P(Al) + P(Ag) — P(Al N Ag) < P(Al) + P(AQ) since P(Al N Ag) >0



This establishes the induction base for the right side.

Induction Step:

We assume the right side is true for n and show that it is true for n + 1:

n+1 n
PIUA) = PUUA)UA)
i=1 i=1
Th.1.2.1(iv " "
2P A9+ P(Ae) = P A3 0 Ans)
i=1 i=1
Def.1.1.7(3) n
< P(J A) + P(Any1)
i=1
I.B. n
< > P(A;) + P(Apta)
i=1
n+1
= P(4;)
=1

n

Left side: zn:P(Ai) — ZP(AZ' NA;) < P(U Ai)

i=1 i<j i=1
Induction Base:
For n = 1, the left side evaluates to P(A;) < P(A;), which is true.

For n = 2, the left side evaluates to P(A;)+ P(A2) — P(A1NAs) < P(A; UA3), which is true
by Th. 1.2.1 (iv).

For n = 3, the left side evaluates to
P(Ar) + P(A3) + P(As) — P(Ar N As) — P(A1 0 Ag) — P(As 1 Ag) < P(A1 U Ay U Ag).
This holds since
P(A1 U Ay U A3)

= P((A1 U A2) U A3)

TRAZIE) pg U Ag) + P(A3) — P((A1 U A2) N As)
= P(A1 U Az) + P(A3) — P((A1 N Ag) U (A2 N A))
TRAZIE) gy 4 P(As) — P(AL N As) + P(As) — P(Ay 1 A) — P(As 1 Ag)
+P((A1 N A3) N (A2 N A3z))

:P(Al)—I—P(Ag)—l-P(Ag)—P(AlﬂAg)—P(AlﬂAg)—P(A2ﬂA3)—|—P(A1ﬂA2ﬂA3)

Def1.1.7(i)
> P(A1)+P(A2) —I—P(Ag) —P(Al ﬂAg) —P(AlﬂA:g) —P(AgﬂAg)

This establishes the induction base for the left side.



Induction Step:

We assume the left side is true for n and show that it is true for n + 1:

n+1

P(An—i-l) - P((U Ai) N An+1)

U A mAn-i—l
=1

i A N An-i—l

P 4) = P((|J A) U Ans)
i=1 i=1
= P(UJ A)) + P(Aus1) — P(((J A) N Ans)
i=1 i=1
left 1.B. n n
fz > O P(A) =Y P(AiNA)) +
i=1 i<j
n+1
= > P(4A; Z P(4; N A))
i=1 1<j
Th.1.2.3 right side 711 n
> > P(A;) =Y P(A;in Aj)
i=1 i<j
n+1 n+1
= > P(A) =3 P(Ain 4))
i=1 i<j

Theorem 1.2.4: Boole’s Inequality
Let A, B € L. Then

(i) P(ANB) > P(A) + P(B) —

(ii) P(ANB) >1— P(AY) — P(BY)

Proof:

Homework

Definition 1.2.5: Continuity of sets

For a sequence of sets {A,}°2, 4, €

L and A € L, we say

n=1

(i) Ay | Aif Ay DAy D A3 ... and A= [ A,.

n=1



Example:
A, = [1,2— l} T [1,2)

Theorem 1.2.6:
If {A4,}2°,, A, € L and A € L, then lim P(A,)= P(A) if 1.2.5 (i) or 1.2.5 (ii) holds.

=1
n=1 n—oo

Proof:
Part (i): Assume that 1.2.5 (i) holds.
Let By = Ay and B, = A, — Ap_1 = A N Ag—l Vk > 2

By construction, B; N B; = O for i # j
o o
It is A= UAn: UBn

andalsoAn—UA —UB
=1

n
U By ) 2T ZP By) nangO[;P B

n

Def. 117 i) U = lim [P(|J Ax)] = lim P(A4,)

k=1

The last step is possible since A, = U Ap
k=1

Part (ii): Assume that 1.2.5 (ii) holds.
Then, A C A C A§ C ... and A® = (m A,)C De Morgan U AS
n=1 n=1

P(AC) » 2D 1im P(A9)

n—oo

So1— P(A®) =1— lim P(AY)

n—oo

— P(A) = lim (1 - P(AS)) ™ 2" lim P(4,)

n—oo n—oo

10



Theorem 1.2.7:

(i) Countable unions of probability 0 sets have probability 0.

(ii) Countable intersections of probability 1 sets have probability 1.

Proof:
Part (i):
Let {A,}02, € L, P(A4,) =0 VYn
Def. 1.1.7 (i) o0 Th. 1.2.3 X2 S
P(Ja) "< Y P =3 0=0
n=1 n=1 n=1

Therefore P( U Ap) =0.
n=1
Part (ii):
Let {4,}52, €L, P(A,) =1 VYn

Th.g (ii) P(Ag) —0 Vn Th.g ) P(U AS) =0 = P((U Ag)c) =1

PEET P An) =1
n=1

11



1.3 Combinatorics and Counting

For now, we restrict ourselves to sample spaces containing a finite number of points.

Let @ = {w1,...,wn} and L = P(Q). For any A€ L, P(A) = Z P(wj).
wJ‘EA

Definition 1.3.1:
We say the elements of  are equally likely (or occur with uniform probability) if
Plwj)=1 vji=1,... n ]

n

Note: ‘
If this is true, P(A) = EEEEE? zj E é
j

need to be able to count elements accurately.

Therefore, to calculate such probabilities, we just

Theorem 1.3.2: Fundamental Theorem of Counting
If we wish to select one element (a1) out of n; choices, a second element (az) out of ng choices,

and so on for a total of k elements, there are

Ny XNg Xng X... XNk

ways to do it.
Proof: (By Induction)

Induction Base:
k = 1: trivial

k = 2: nq ways to choose aq. For each, ny ways to choose as.

Total # of ways = no +ns + ... +n9 =nq X na.

n1 times
Induction Step:
Suppose it is true for (k —1). We show that it is true for k = (k — 1) + 1.

There are ny X ny X n3g X ... X np_1 ways to select one element (a;) out of ny choices, a
second element (ay) out of ny choices, and so on, up to the (k — 1)** element (agz_;) out of
ng_1 choices. For each of these ny X no X ng X ... X ng_1 possible ways, we can select the Eth
element (ax) out of ny choices. Thus, the total # of ways = (n1 X ng X ng X ... X ng_1) X ng.

|

12



Definition 1.3.3:
For positive integer n, we define n factorial as n! = nx(n—1)x(n—2)x...x2x1 =nx(n—1)!
and 0! = 1. ]

Definition 1.3.4:

For nonnegative integers n > r, we define the binomial coefficient (read as n choose ) as

<n> n! n-n—1)-n—2)-...-(n—r+1)

r ri(n—r)! 1-2-3-...-r '
||
Note:
A useful extension for the binomial coefficient for n < r is
n n-n—1)-...-0-...-(n—r+1)
= =0.
T 1-2-...-r
||

Note:
Most counting problems consist of drawing a fixed number of times from a set of elements

(e.g., {1,2,3,4,5,6}). To solve such problems, we need to know

(i) the size of the set, n;
(ii) the size of the sample, 7;
(iii) whether the result will be ordered (i.e., is {1,2} different from {2,1}); and

(iv) whether the draws are with replacement (i.e, can results like {1, 1} occur?).

Theorem 1.3.5:

The number of ways to draw r elements from a set of n, if

(i) ordered, without replacement, is #L«)H

(ii) ordered, with replacement, is n";

(iii) unordered, without replacement, is T!(g‘i”! =();

(ntr—1! _ (n—l—r—l) )

(iv) unordered, with replacement, is =T .

13



Proof:

(i)

(iii)

n choices to select 15

n — 1 choices to select 274

n —r + 1 choices to select 7

nXx(n—1)x..x(n—r+1)X(n—r)! _
(n—r)! -

By Theorem 1.3.2, therearenx (n—1)x...x (n—r+1) =

(n%!?)! ways to do so.

Corollary:

The number of permutations of n objects is n!.

n choices to select 15

n choices to select 24

n choices to select 7"

By Theorem 1.3.2, there are n x n x ... x n=n" ways to do so.
~—_——

r times

We know from (i) above that there are (n"f'w ways to draw r elements out of n elements
without replacement in the ordered case. However, for each unordered set of size 7,

there are 7! related ordered sets that consist of the same elements. Thus, there are

(ny—“r)! ’ % = (:L

unordered case.

) ways to draw r elements out of n elements without replacement in the

There is no immediate direct way to show this part. We have to come up with some
extra motivation. We assume that there are (n — 1) walls that separate the n bins of
possible outcomes and there are r markers. If we shake everything, there are (n—1+r)!
permutations to arrange these (n — 1) walls and r markers according to the Corollary.
Since the r markers are indistinguishable and the (n—1) walls are also indistinguishable,
we have to divide the number of permutations by r! to get rid of identical permutations
where only the markers are changed and by (n —1)! to get rid of identical permutations
where only the walls are changed. Thus, there are % = ("+:_1

) ways to draw r

elements out of n elements with replacement in the unordered case.

14



Theorem 1.3.6: The Binomial Theorem

If n is a non—negative integer, then

Proof: (By Induction)

Induction Base:

n=0: 1:(1+3:)0:ZO:<2>3:T: <8>3:0:1

=0

n=1: (1+x)lzz<i x' = (é)xo—k G)wl:l—i—x

r=

o

Induction Step:

Suppose it is true for k. We show that it is true for k£ + 1.

A+ = Q1+2)F0Q+2)
k

Il
R
Nyl
o +
—_
~

8

o

_I_

(*) Here we use Theorem 1.3.8 (i). Since the proof of Theorem 1.3.8 (i) only needs algebraic

transformations without using the Binomial Theorem, part (i) of Theorem 1.3.8 can be ap-

plied here.
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Corollary 1.3.7:

For integers n, it holds:

(i) <g>+<71’>+...+<z>:2", n>0
o (5) (1))
(iii) 1-<T>+2-<g>+3-< >

(iv) 1-<T>—2-<Z>+3-<g>+...+(—1)"—1n-<2>:o, n>2

Proof:

w 3
N———
+

_|_

|

=
3
N
S 3
N———
Il

L
3

IV

[

Use the Binomial Theorem:

(i) Let = 1. Then for n >0
Th13.6 N~ (7 " (n

on = (14 1) Tk 1" =
(1+1) Z(J Z()

(ii) Let z = —1. Then for n > 1

n
(i) L(1 42" =4 <"> o
r=0 r

Substitute x = 1, then for n > 0
- n
2"l =nl4+1)"t=>"r ( )
(iv) Substitute z = —1 in (iii) above, then for n > 2

0=n(l+(-1)"" = Zn:r- (") (—1)

16



Theorem 1.3.8:

For non—negative integers, n, m,r, it holds:

o ()62)-0)

. n\[fm n m n\ [ m m+n
o () () ()00 0)E)-(7)
.o (O 1 2 ny (n+1

(iii) . + . + . +...+ i el P

Proof:

Homework
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1.4 Conditional Probability and Independence

So far, we have computed probability based only on the information that Q is used for a
probability space (€2, L, P). Suppose, instead, we know that event H € L has happened.
What statement should we then make about the chance of an event A € L ?

Definition 1.4.1:
Given (Q,L,P) and H € L,P(H) > 0, and A € L, we define

P(ANH)

P(A|H) = = Py(A
and call this the conditional probability of A given H. [ |
Note:
P(A|H) is undefined if P(H) = 0. |

Theorem 1.4.2:
In the situation of Definition 1.4.1, (€2, L, Py ) is a probability space.

Proof:
If Py is a probability measure, it must satisfy Def. 1.1.7.

(i) P(H) >0 and by Def. 1.1.7 (i) P(ANH) > 0 = Py(A) = 255 >0 vAe L

(i) Pu(Q) = 25 = pi = 1

(iii) Let {A,}22; be a sequence of disjoint sets. Then,

P A, ="
(U An) ()

Def1.1.7(iii) =1

18



Note:

What we have done is to move to a new sample space H and a new o—field Ly = L N H of
subsets ANH for A € L. We thus have a new measurable space (H, L) and a new probability
space (H, L, Pyy). [

Note:
From Definition 1.4.1, if A, B € L, P(A) > 0, and P(B) > 0, then

P(AN B) = P(A)P(B|A) = P(B)P(A|B),

which generalizes to the following Theorem. [ |

Theorem 1.4.3: Multiplication Rule

n—1
If Ay,..., A, € L and P(ﬂ Aj) >0, then
j=1

n n—1
P([) Aj) = P(A1) - P(A2]Ay) - P(A3|A1 N Ag) - ... P(Ay] () 4)).
j=1 Jj=1

Proof:

Homework -

Definition 1.4.4:
A collection of subsets {A,}52, of Q form a partition of 2 if

o
(i) U A, =Q, and
n=1
(ii) A4;NA; =0 Vi#j, ie., elements are pairwise disjoint.
Theorem 1.4.5: Law of Total Probability
If {H;}52, is a partition of 2, and P(H;) >0 Vj, then, for A € L,

P(A) =3 P(ANH;) =) P(H;)P(AH)).
=1 =1

Proof:
By the Note preceding Theorem 1.4.3, the summands on both sides are equal
= the right side of Th. 1.4.5 is true.

19



The left side proof:
Hj are disjoint = AN Hj are disjoint

A=Anq” Am UH U (AN Hj)
Jj=1 Jj=1
— P(A) = P(|J(Anm) "TE S panm) n
Jj=1 j=1

Theorem 1.4.6: Bayes’ Rule
Let {H;}52, be a partition of 2, and P(H;) >0 Vj. Let A€ L and P(A) > 0. Then

P(H;)P(A|H; .
Z P(A|H,)
Proof:
Defl.4.1
P(HjnA) ==" P(A) - P(H;j|A) = P(H;) - P(A|H;)
P(H;)-P(A|H;) Th.1.4.5  P(H;)-P(A|H;
— P(H,|A) = (31)3(2)\3) L (H;)-P(A|H;) -
Z P(H,)P(A|H, )
Definition 1.4.7:
For A,B € L, A and B are independent iff P(AN B) = P(A)P(B). |

Note:

e There are no restrictions on P(A) or P(B).

e If A and B are independent, then P(A|B) = P(A) (given that P(B) > 0) and P(B|A) =
P(B) (given that P(A) > 0).

e If A and B are independent, then the following events are independent as well: A and
B¢ A¢ and B; A® and BC€.

Definition 1.4.8:
Let A be a collection of L—sets. The events of A are pairwise independent iff for every
distinct A;, As € A it holds P(Al N Ag) = P(Al)P(Ag) [ |

20



Definition 1.4.9:
Let A be a collection of L—sets. The events of A are mutually independent (or completely
independent) iff for every finite subcollection {A;,, ..., A; }, A;; € A, it holds

|
Note:
To check for mutually independence of n events {A;,..., A,} € L, there are 2" —n — 1 rela-
tions (i.e., all subcollections of size 2 or more) to check. ]

Example 1.4.10:

Flip a fair coin twice. Q = {HH,HT,TH,TT}.
A1 = “H on 1st toss”

Ay = “H on 2nd toss”

A3z = “Exactly one H”

Obviously, P(4;) = P(As) = P(A3) = 3.

Question: Are Al, A and As pairwise independent and also mutually independent?
P(A1NAg)=.25=.5-.5=P(A;)- P(A2) = Ay, Ay are independent.
P(Al N Ag) =.2=.5-5= P(Al) . P(Ag) = Ay, A3 are independent.
P(A2 N Ag) =.2=.5-5= P(AQ) . P(Ag) = Ay, A3 are independent.

Thus, Ai, As, A3 are pairwise independent.

P(Al N As N Ag) =0+#.5-5-.5= P(Al) . P(AQ) . P(Ag) = Ay, As, A3 are not mutually
independent. [ |

Example 1.4.11: (from Rohatgi, page 37, Example 5)

e 1 students. 365 possible birthdays for each student that are equally likely.
e One student at a time is asked for his/her birthday.

e If one of the other students hears this birthday and it matches his/her birthday, this
other student has to raise his/her hand — if at least one other student raises his/her

hand, the procedure is over.
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e We are interested in

pr = P(procedure terminates at the kth student)
= P(a hand is first risen when the kth student is asked for his/her birthday)

e The textbook (Rohatgi) claims (without proof) that

1 <@>7‘—1
pr= 365
and

365 Pp_1 k:—1>7”_k+1 < 365 — k >7”—’f
e N 1 (22 —2.3,...
Pk ((365)k—1)( 365 365 — k + 1 » k=23,

where o P, =n-(n—1)-...-(n—7r+1).
Proof:
It is
p1 = P(at least 1 other from the (r — 1) students has a birthday on this particular day.)
= 1— P(all (r — 1) students have a birthday on the remaining 364 out of 365 days)
r—1
— 1- <@)
365
p2 = P(no student has a birthday matching the first student and at least one

of the other (r — 2) students has a b-day matching the second student)

Let A = No student has a b-day matching the 15bstudent
Let B = At least one of the other (r — 2) has b-day matching ond

Sops = P(ANB)
= P(A)- P(B|4)

= P 15¢

(

no student has a matching b-day with the 1°*student ) x

P(at least one of the remaining students has a matching b-day with the second,
given that no one matched the first.)

= (1—p1)[l — P(all (r — 2) students have a b-day on the remaining 363 out of 364 days)
ey
— \365 364
_ r—1 r—2
) o
365 364

22




_ @(1_;>7"‘1 1_(@>’“‘2
365 365 364

B ( s65 P ) (1 2 — 1)7”—2“ . ( 365 — 2 )H

— \(365)21 365 365 —2+1
Formally, we have to write this sequence of equalities in this order. However, it often might
be easier to first work from both sides towards a particular result and combine partial results

afterwards. Here, one might decide to stop at (x) with the “forward” direction of the equalities

and first work “backwards” from the book, which makes things a lot simpler:

( 365 Py_1 ) ( 2 — 1)’“—2“ ( 365 — 2 )T—2
P2 = (o ) (1 — == 11— (s
(365)2-1 365 365 — 2+ 1

- (0 L)’"‘l - (@)“2

365 365 364

_ (365_1>7‘—1 1_<@>T—2

B 365 364

We see that this is the same result as ().

Now let us consider ps:

ps = P(No one has same b-day as first and no one same as second, and at least one of the

remaining (r — 3) has a matching b-day with the 3rd student)

Let A = No one has the same b-day as the first student
Let B = No one has the same b-day as the second student
Let C = At least one of the other (r — 3) has the same b-day as the third student

Now:
ps = P(AnBNCQO)

— P(A)-P(B|A)- P(C|AN B)

364\ 363\ N
365 364 [1 — P(all (r — 3) students have a b-day on the remaining 362 out of 363 days]
_ (364)’“ (T ()
~\365 364 363
B ( ) . (363)7"—2 Ay (@)7‘—3
- (365)"—1 (364) 2 363
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[\D

36471\ (36372 (362
36472 ) \ 36571 363
B (3 36372 - (36
B 36572 363
( (365) 364 3) - 362
(365)2 365 363
( > - 362
363
N ( s P31 ) (1_ 3—1)7”—3+1 - ( 365 — 3 )T—?’
— \(365)31 365 365 — 3+ 1

Once again, working “backwards” from the book should help to better understand these

365 ) 2

365)2 365

transformations.

For general p; and restrictions on r and k see Homework. [ |
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2 Random Variables

(Based on Casella/Berger, Sections 1.4, 1.5, 1.6 & 2.1)

2.1 Measurable Functions

Definition 2.1.1:

e A random variable (rv) is a set function from Q to IR.

e More formally: Let (2, L, P) be any probability space. Suppose X : Q — IR and that

X is a measurable function, then we call X a random variable.

e More generally: If X : Q — IRF, we call X arandom vector, X = (X;(w), X2(w), ..., Xp(w)).

What does it mean to say that a function is measurable?

Definition 2.1.2:

Suppose (2, L) and (S,B) are two measurable spaces and X : Q@ — & is a mapping from
Q) to S. We say that X is measurable L — B if X~ '(B) € L for every set B € B, where
X 'B)={weQ: X(w)e B} n

Example 2.1.3:

Record the opinion of 50 people: “yes” (y) or “no” (n).
Q = {All 2°° possible sequences of y/n} — HUGE !
L=7PQ)

(i) Consider X : Q — S = {All 2°° possible sequences of 1 (= y) and 0 (= n)}
B =P(S)

X is a random vector since each element in S has a corresponding element in (2,
for Be B, X 1(B) € L =P(Q).

(ii) Consider X : 2 — §=1{0,1,2,...,50}, where X (w) = “# of y’s in w” is a more manage-

able random variable.

A simple function, i.e., a function that takes only finite many values 1, ..., zj, is measurable
iff X_l(l'i) e L Vx;.

Here, X~'(k) = {w € Q: # y’s in sequence w = k} is a subset of Q, so it isin L = P(Q). m
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Example 2.1.4:
Let 2 = “infinite fair coin tossing space”, i.e., infinite sequence of H’s and T’s.
Let L,, be a o-field for the 1st n tosses.

Define L = o( U L,).

n=1
Let X, : Q — IR be X,,(w) = “proportion of H’s in 1st n tosses”.
For each n, X, (+) is simple (values {0, %, %, ..., 2}) and Xgl(%) €L, Vk=0,1,...,n.
Therefore, X;;1(£) € L.

So every random variable X, (-) is measurable L —B. Now we have a sequence of rv’s { X, }22 ;.
We will show later that P({w : X,(w) — 3}) = 1, ie., the Strong Law of Large Numbers
(SLLN). n

Some Technical Points about Measurable Functions

2.1.5:

Suppose (2, L) and (S, B) are measure spaces and that a collection of sets A generates B, i.e.,
o(A)=B. Let X : Q — S. If X"}(A) € L VA€ A, then X is measurable L — B.

This means we only have to check measurability on a basis collection .A. The usage is: B on
IR is generated by {(—o0,z]| : z € R}.

2.1.6:

If (,L),(Q,L"), and (", L") are measure spaces and X : Q@ — Q" and Y : Q' — Q” are

measurable, then the composition (Y X) : Q — Q" is measurable L — L".

2.1.7:

If f: R" — IR* is a continuous function, then f is measurable B — B

2.1.8:
If f{: Q= R,j=1,...k and g : R* — IR are measurable, then g(fi(-),..., fx(-)) is measur-
able.

The usage is: g could be sum, average, difference, product, (finite) maximums and minimums

of x1,...,xx, etc.
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2.1.9:

Limits: Extend the real line to [—o0, 00] = IR U {—00,00}.
We say f:Q — IR is measurable L — B if

(i) f7Y(B) € L VB € B, and

(ii) f~1(—o0), f(c0) € L also.

| |
2.1.10:
Suppose f1, f2,... is a sequence of real-valued measurable functions (2, L) — (IR,B). Then
it holds:

(i) sup fnp (supremum), inf f, (infimum), lim sup f,, (limit superior), and lim inf f,
N—00 n— o0 n—oo n—0o0
(limit inferior) are measurable.

(i) If f = nh—>H<;lo fn exists, then f is measurable.
(iii) The set {w : fn(w) converges} € L.

(iv) If f is any measurable function, the set {w : fp(w) — f(w)} € L.

Example 2.1.11:

(i) Let

It holds
1
o sup fu(z) = —

n—o0 x
o ng}fo'o fu(z) =0
e lim sup fn(z) =0
o lim inf f,(z) =0
o lim fulz) = Jim_sup fo(z) = Jim inf f,,(x) =0
(ii) Let

5 we[-nmn

fn() = { !

0, otherwise

It holds
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2, > -1
e su )=
p Jul®) { 0, otherwise

2, <1
0, otherwise

o inf f,(x)=

n—oo

o lim sup fo(z) =2’
e lim inf f,(z) = 23

o lim fulz) = Jim_sup fulz) = Jim inf f,(z) = 23
(iii) Let
—"z3, x€[-n,n
ful@) = { ((), | othe[rwise |
It holds
o sup fu(z) =[x [’
o inf fu(x)=—|zf

o lim sup f(z) =[x [°
o lim inf fy(z) =[x |’
e lim fy(x)= lim sup fp(x) = Jim inf f,(x) =0 if x =0, but Jim fn(z) does not

exist for x # 0 since nhngo sup fn(x) # nh_)ngo inf f,(x) for z #0
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2.2 Probability Distribution of a Random Variable

The definition of a random variable X : (Q,L) — (S, B) makes no mention of P. We now

introduce a probability measure on (S, B).

Theorem 2.2.1:
A random variable X on (92, L, P) induces a probability measure on a space (IR, B, Q) with
the probability distribution @ of X defined by

Q(B)=P(XY(B))=P({w: X(w) € B}) VB€B.

Note:
By the definition of a random variable, X ~!}(B) € L VB € B. @ is called induced proba-
bility.

Proof:
If X induces a probability measure @ on (IR, B), then Q must satisfy the Kolmogorov Axioms
of probability.
X:(QL)—(5,B). Xisarv=X"!}B)={w:X(w)eB}=A€L VBeB.
Def.1.1.7(i)
(i) Q(B) = P(X~1(B)) = P{w: X(w) € B}) = P(4) > 0 VBeB
. _ Def.1.1.7(ii
(i) Q(R) = POX()) 2" P =T

(ii) Let {B,}52, € B,BiNB; = Yi# j. Then,

QU Bo) = P(x~1(| B) 2 P (X (B)) "I ST p(x(B,) = 3 Q(By)
n=1 =1 n=1 n=1 n=1

n
(¥) holds since X ~!(-) commutes with unions/intersections and preserves disjointedness.

Definition 2.2.2:

A real-valued function F' on (—o00,00) that is non—decreasing, right—continuous, and satisfies

is called a cumulative distribution function (cdf) on IR. ]
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Note:

No mention of probability space or measure P in Definition 2.2.2 above. [ |

Definition 2.2.3:
Let P be a probability measure on (IR, B). The cdf associated with P is

F(x) = Fp(x) = P((-00,2]) = P({w: X(w) <2}) = P(X <x)

for a random variable X defined on (IR, B, P). ]

Note:
F(-) defined as in Definition 2.2.3 above indeed is a cdf.

Proof (of Note):

(i) Let 21 <

= (—00,21] C (—00, x9]
Th.1.2.1(v)
— F(r1) = P{w: X(w) <x1}) < Pw: X(w) <z}) = F(x9)
Thus, since x1 < x9 and F(x1) < F(x32), F(.) is non—decreasing.

(ii) Since F' is non-decreasing, it is sufficient to show that F'(.) is right—continuous if for any
sequence of numbers x,, — xz+ (which means that z,, is approaching z from the right)
with 2y >z > ... >z, > ... > 2 F(a,) — F(z).

Let A, = {w: X(w) € (z,z,]} € L and A,, | @. None of the intervals (x, z,,] contains z.
As x,, — x4+, the number of points w in A,, diminishes until the set is empty. Formally,
n (e e]
lim A, = lim ﬂAi: ﬂ A, =0.

n—o00 n—o0 |
=1 n=1

By Theorem 1.2.6 it follows that
lim P(A,) = P(nILII;O A,) =P(0)=0.

It is
PA,)=P{w: X(w) <ap}) — Pw: X(w) <z}) = F(z,,) — F(x).

= (nh_)ngO F(z,)) — F(z) = nh_)ngo(F(mn) — F(x)) = Jim P(A,)=0

= F(x) is right—continuous.
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F(—o0) = lim F(—n)

n—oo

= lim PH{w: X(w) < —n})

n—oo

= P(lim {w: X(w) < —n})

n—oo

— P(0)

Def. 223

F(oco) = lim F(n)

= Jim P(fw: X() <n)
= P(nli_)néo{w : X(w) <n})
= P(Q)

=1

IN

Note that (iii) and (iv) implicitly use Theorem 1.2.6. In (iii), we use A,, = (—oo0, —n) where
Ap D Appq and A, | ©O. In (iv), we use A, = (—oo,n) where A, C A,+1 and A4, T R. ]

Definition 2.2.4:
If a random variable X : Q — IR has induced a probability measure Px on (IR, B) with cdf

F(x), we say

(i) rv X is continuous if F'(x) is continuous in z.

(ii) rv X is discrete if F'(z) is a step function in x.

Note:

There are rvs that are mixtures of continuous and discrete rvs. One such example is a trun-
cated failure time distribution. We assume a continuous distribution (e.g., exponential) up
to a given truncation point x and assign the “remaining” probability to the truncation point.

Thus, a single point has a probability > 0 and F'(x) jumps at the truncation point z. [ |
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Definition 2.2.5:
Two random variables X and Y are identically distributed iff

Px(X € A) = Py(Y € A) VA € L.

|
Note:
Def. 2.2.5 does not mean that X (w) =Y (w) Vw € Q. For example,
X = # H in 3 coin tosses
Y = # T in 3 coin tosses
X,Y are both Bin(3,0.5), i.e., identically distributed, but for w = (H, H,T), X (w) =2 # 1=
Y(w),ie, X #Y. ]
Theorem 2.2.6:
The following two statements are equivalent:
(i) X,Y are identically distributed.
(ii) Fx(xz) = Fy(z) Yz € R.
Proof:
(i) = (ii):
Fx(x) = Px ((—00,1])
—  P({w: X(w) € (=o0,a]})
WL P Y (W) € (—o0,al))

= Py ((—o0, z])

= Fy (:L')
(il) = (i):
Requires extra knowledge from measure theory. [ |

32



2.3 Discrete and Continuous Random Variables

We now extend Definition 2.2.4 to make our definitions a little bit more formal.

Definition 2.3.1:

Let X be a real-valued random variable with c¢df F on (2, L, P). X is discrete if there exists
a countable set E C IR such that P(X € E) = 1,i.e.,, P{w: X(w) € E}) = 1. The points of E
which have positive probability are the jump points of the step function F', i.e., the cdf of X.

[e.e]
Define p; = P{w : X(w) = zj,x; € E}) = Px(X = ;) Vi > 1. Then, p; > 0, Zpi =1.
i=1

We call {p; : p; > 0} the probability mass function (pmf) (also: probability frequency

function) of X. m
Note:
o
Given any set of numbers {p,}°%,,p, >0 Vn > 1, Z pn =1, {pn}52; is the pmf of some rv
n=1
X. [

Note:

The issue of continuous rv’s and probability density functions (pdfs) is more complicated. A
rv X : Q — IR always has a cdf F. Whether there exists a function f such that f integrates
to F and F’ exists and equals f (almost everywhere) depends on something stronger than

just continuity. ]

Definition 2.3.2:

A real-valued function F is continuous in zg € IR iff

Ve>0 30 >0 Va: |z—x9|<d=|F(z)— F(xo) |[<e.

F' is continuous iff I’ is continuous in all z € IR. [ ]
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Definition 2.3.3:

A real-valued function F' defined on [a,b] is absolutely continuous on [a, ] iff

Ve >0 3§ > 0 V finite subcollection of disjoint subintervals [a;,b;],i =1,...,n:

n

Z(b,—a,)<5:>Z]F(b,)—F(al) ’<6.

i=1 i=1

Note:

Absolute continuity implies continuity. [

Theorem 2.3.4:

(i) If F is absolutely continuous, then F” exists almost everywhere.

(ii) A function F' is an indefinite integral iff it is absolutely continuous. Thus, every abso-

lutely continuous function F is the indefinite integral of its derivative F”.

Definition 2.3.5:

Let X be a random variable on (€, L, P) with cdf F. We say X is a continuous rv iff ¥
is absolutely continuous. In this case, there exists a non—negative integrable function f, the
probability density function (pdf) of X, such that

ﬂ@:/%fwﬁ:HXgm.

From this it follows that, if a,b € IR,a < b, then
b
<mm<ng:nm—ﬂ@:/f@ﬁ

exists and is well defined. [ ]

Theorem 2.3.6:
Let X be a continuous random variable with pdf f. Then it holds:

(i) For every Borel set B € B, P(B) = / f(t)dt.
B

(ii) If F' is absolutely continuous and f is continuous at x, then F'(z) = == = f(x).
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Proof:
Part (i): From Definition 2.3.5 above.
Part (ii): By Fundamental Theorem of Calculus. ]

Note:

As already stated in the Note following Definition 2.2.4, not every rv will fall into one of
these two (or if you prefer — three —, i.e., discrete, continuous/absolutely continuous) classes.
However, most rv which arise in practice will. We look at one example that is unlikely to

occur in practice in the next Homework assignment.

However, note that every cdf F' can be written as
F(z) = alFy(r) + (1 —a)Fe(z), 0<a <1,

where Fy is the cdf of a discrete rv and F, is a continuous (but not necessarily absolute

continuous) cdf.

Some authors, such as Marek Fisz Wahrscheinlichkeitsrechnung und mathematische Statistik,
VEB Deutscher Verlag der Wissenschaften, Berlin, 1989, are even more specific. There it is

stated that every cdf F' can be written as
F(x) = a1 Fy(z) + agle(x) + a3Fs(x), ai,a2,a3 > 0,a1 +az +az =1.

Here, Fy(z) and F.(z) are discrete and absolute continuous cdfs. Fy(z) is called a singu-
lar cdf. Singular means that Fy(z) is continuous and its derivative F’(z) equals 0 almost
everywhere (i.e., everywhere but in those points that belong to a Borel-measurable set of
probability 0).

Question: Does “continuous” but “not absolutely continuous” mean “singular”? — We will

(hopefully) see later. .. [ ]

Example 2.3.7:

Consider
0, x <0
1/2 =0
Fa)y={ Y% v
1/2+x/2, 0<z<1
1, z>1

We can write F'(z) as aFy(x) + (1 —a)F.(x),0 <a < 1. How?

Since F'(z) has only one jump at z = 0, it is reasonable to get started with a pmf py = 1 and
corresponding cdf

0, z<0

1, >0

Fy(z) = {

35



Since F(z) = 0 for x < 0 and F(x) = 1 for > 1, it must clearly hold that F,(z) = 0 for
x < 0 and F.(z) =1 for z > 1. In addition F(z) increases linearly in 0 < < 1. A good
guess would be a pdf f.(z) =1- I 1)(x) and corresponding cdf

0, =<0
F(z) =} z, 0<z<1
1, >1

Knowing that F(0) = 1/2, we have at least to multiply Fy(x) by 1/2. And, indeed, F(z) can

be written as

1 1
F(z) = -Fy(x) + = F.(z).
2 2
|
Definition 2.3.8:
The two—valued function I4(z) is called indicator function and it is defined as follows:
Ip(z) =1ifx € Aand I4(z) =0 if = ¢ A for any set A. ]
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An Excursion into Logic

When proving theorems we only used direct methods so far. We used induction proofs to

show that something holds for arbitrary n. To show that a statement A implies a statement
B, i.e., A = B, we used proofs of the type A = A1 = Ay = ... = A, 1 = A, = B where

one step directly follows from the previous step. However, there are different approaches to

obtain the same result.

Basic Operators:

Boolean Logic makes assertions on statements that can either be true (represented as 1) or

false (represented as 0). Basic operators are “not” (=), “and” (A), “or” (V), “implies” (=),

“equivalent” (<), and “exclusive or” (®).

These operators are defined as follows:

A|B|-A|-B|AANB|AVB|A=B|A< B|A®B
11} 0] 0 1 1 1 1 0
110 0| 1 0 1 0 0 1
Oj1( 10 0 1 1 0 1
ooy 1|1 0 0 1 1 0
Implication: (A implies B)
A = B is equivalent to =B = —A is equivalent to AV B:
A/B|A=B|-A|-B|-B=-A|-AVB
111 1 010 1 1
110 0 0|1 0 0
01 1 1 0 1 1
00 1 111 1 1
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Equivalence: (A is equivalent to B)

A & B is equivalent to (A = B) A (B = A) is equivalent to (mAV B) A (AV —B):

A|B||A©B|A=B|B=A|(A=B)AN(B=A)|-AVB|AV-B|(mAVB)A(AV-B)
111 1 1 1 1 1 1 1
110 0 0 1 0 0 1 0
01 0 1 0 0 1 0 0
0]0 1 1 1 1 1 1 1

Negations of Quantifiers:

The quantifiers “for all” (V) and “it exists” (3) are used to indicate that a statement holds for
all possible values or that there exists such a value that makes the statement true, respectively.
When negating a statement with a quantifier, this means that we flip from one quantifier to
the other with the remaining statement negated as well, i.e., =V becomes 3 and —3 becomes

V.

—Vx € X : B(z) is equivalent to 3z € X : —B(z)

—3Jx € X : B(z) is equivalent to Vo € X : —B(z)

Jre XVyeY : B(x,y) impliesVy € Y dz € X : B(x,y)

38



2.4 Transformations of Random Variables

Let X be a real-valued random variable on (2, L, P), i.e., X : (2,L) — (IR,B). Let g be
any Borel-measurable real-valued function on IR. Then, by statement 2.1.6, Y = ¢g(X) is a

random variable.

Theorem 2.4.1:
Given a random rariable X with known induced distribution and a Borel-measurable function

g, then the distribution of the random variable Y = g(X) is determined.

Proof:

Fy(y) = Py (Y <y)
= P({w:g(X(w)) <y})
= P({w:X(w) € B,}) where B, =g *((—oc,y]) € B since g is Borel-measureable.
= P(X7Y(By))

Note:
From now on, we restrict ourselves to real-valued (vector—valued) functions that are Borel—

measurable, i.e., measurable with respect to (IR, B) or (le ,BF).

More generally, Py (Y € C) = Px(X € g~}(C)) VC € B. [ ]

Example 2.4.2:
Suppose X is a discrete random variable. Let A be a countable set such that P(X € A) =1
and P(X =x) >0 Vz € A.

Let Y = g(X). Obviously, the sample space of Y is also countable. Then,

Pr(Y=y)= Y Px(X=z)= > Px(X=ua) VyegyA).
z€g~1({y}) {w:9(2)=y}

Example 2.4.3:

X ~U(~1,1) so the pdf of X is fx(z) = 1/2[_; 1j(x), which, according to Definition 2.3.8,
reads as fx(x) =1/2 for —1 <z <1 and 0 otherwise.

z, >0

Let Y = X1 = )
0, otherwise
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Then,

0, y <0
1/2, =0
Fry) = Ry <=1 Y /
1/24+y/2, 0<y<1
L, y=>1
This is the mixed discrete/continuous distribution from Example 2.3.7. [ ]

Note:
We need to put some conditions on g to ensure g(X) is continuous if X is continuous and

avoid cases as in Example 2.4.3 above. [ |

Definition 2.4.4:

For a random variable X from (€2, L, P) to (IR, B), the support of X (or P) is any set A € L
for which P(A) = 1. For a continuous random variable X with pdf f, we can think of the
support of X as X ={z: fx(x) > 0}. [ ]

Definition 2.4.5:

Let f be a real-valued function defined on D C IR, D € B. We say:

f is non—decreasing if z < y = f(x) < f(y) Vz,y € D

f is strictly non—decreasing (or increasing) if z <y = f(z) < f(y) Vz,y € D

f is non—increasing if x <y = f(z) > f(y) Vx,y € D
f is strictly non—increasing (or decreasing) if x < y = f(z) > f(y) Vx,y € D

f is monotonic on D if f is either increasing or decreasing and write f T or f |. [

Theorem 2.4.6:
Let X be a continuous rv with pdf fx and support X. Let y = g(z) be differentiable for all x
and either (i) ¢'(x) > 0 or (ii) ¢'(x) < 0 for all x.

Then, Y = g(X) is also a continuous rv with pdf
Fr(w) = o™ W) | 5007 W) | T
v(y) = fx(g~ () a° Y) | Lyx)(v)-

Proof:
Part (i): ¢'(z) >0Vz e X
So g is strictly increasing and continuous.

Therefore, x = g~ '(y) exists and it is also strictly increasing and also differentiable.
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It holds that

We get Fy(y) = Py(Y < y) = Py(9(X) <y) = Px(X < g7'(y)) = Fx(97'(y)) for y € g(%)
and, by differentiation,

d

frly) =Fy(y) = d—y(Fx(g‘l(y))) AR f (g7 W) - g ()

Part (ii): ¢'(z) <0Vz e Xx
So g is strictly decreasing and continuous.

Therefore, z = g~(y) exists and it is also strictly decreasing and also differentiable.

It holds that

d _ d -1
d_yg 1(y) = (%9(:17) |m=g1(y)> <0.

We get Fy(y) = Py(Y <y) = Pr(g(X) <y)=Px(X 2g7'(y) =1-Px(X <g7'(y) =
1 — Fx(g~'(y)) for y € g(X) and, by differentiation,

d

Fry)=F(y) = d—y(l—Fx(g‘l(y))) By Cha e —fx(g‘l(y))-d%g‘l(y) = fx(g7'(v)): (—d%g‘l(y))

Since d% g (y) < 0, the negative sign will cancel out, always giving us a positive value. Hence
the need for the absolute value signs.

Combining parts (i) and (ii), we can therefore write

frw) = fx(g ') | d%g‘l(y) | Ly ()-

Note:
In Theorem 2.4.6, we can also write

Ir(y) = |f;;((£)

a | r=9~"(y)

,Y € g(X)

If g is monotonic over disjoint intervals, we can also get an expression for the pdf/cdf of

Y = g(X) as stated in the following Theorem. ]

41



Theorem 2.4.7:

Let Y = g(X) where X is a rv with pdf fx(z) on support X. Suppose there exists a partition
A, Aq, ..., A of X such that P(X € Ag) = 0 and fx(z) is continuous on each A;. Suppose
there exist functions g1 (z),...,gx(x) defined on A; through Ay, respectively, satisfying

(i) g(z) = gi(z) Vo € A;,
(ii) g;(x) is monotonic on A;,

(iii) the set ¥ = ¢;(4;) = {y : y = gi(x) for some x € A;} is the same for each i = 1,... k,

and
(iv) g; '(y) has a continuous derivative on Y for each i = 1,...,k.
Then,
(L), | Lt
) =2 fx(e @) | o ) | -1y()
i=1

Example 2.4.8:
Let X be a rv with pdf fx(z) = % 1 o,x) ().

Let Y =sin(X). What is fy(y)?

Since sin is not monotonic on (0,7), Theorem 2.4.6 cannot be used to determine the pdf of
Y.

Example 2.4.8
fy(x) g(x) =sin(x)

2/11 17

T

]
1
1
|
1
|
|
]
1
1
:
|
|

|

| |
0 T 0 sin(y) T1/2n-sin?() TT
Two possible approaches:
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Method 1: cdfs

For 0 < y < 1 we have

Fy(y) = Py(Y <y)

since [0 < X <sin™

fr(y)

= Px(sinX <vy)
= Px([0< X <sin"Yy)] or [r —sin"(y) < X < 7)

= Fx(sin™'(y)) + (1 - Fx(m —sin™'(y)))
L(y)] and [r —sin~!(y) < X < 7] are disjoint sets. Then,

= Fy(y)

s Dl s )

- 1%@/2 (Fx(sin™"(y)) + fx(x —sin~} ()
_ 1 <2(sin_1(y)) +2(7T—Sin_1(y))>

1—y2 w2 w2

1
= — o

w21 —y?
2

_c T
T\/l——y2 (0,1)(y)

Method 2: Use of Theorem 2.4.7

Let Ay = (0,%), A2 = (%,7), and Ag = {3}.

Let g7 ' (y) = sin~!(y) and g5 '(y) = 7 — sin~!(y).

1

Itis o1 (v) = 7 = —#y% ' (v) and Y= (0, 1).

Thus, by use of Theorem 2.4.7, we get

fr(y) =

2
> fx(g7 () | L) Ty(y)
i=1 dy

2sin~!(y 1 2(m —sin~(y 1
W) () 1 2 W)
T 1 — 2 T 1—y

2 1

2 Lo,y (y)

2

_c g
WW (0,1)(y)

Obviously, both results are identical.
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Theorem 2.4.9:
Let X be a rv with a continuous cdf Fx(z) and let Y = Fx(X). Then, Y ~ U(0,1).

Proof:
We have to consider two possible cases:
(a) Fx is strictly increasing, i.e., Fx(z1) < Fx(x2) for 1 < xq, and
(b) Fx is non—decreasing, i.e., there exists x1 < z9 and Fx(x1) = Fx(x2). Assume that

x1 is the infimum and x5 the supremum of those values for which F'x(z1) = Fx(x2) holds.

Theorem 2.4.9

(@) Fx(x) (b) Fx(x)

X Lo __.2
AN
X oo
N

-1
x=Fy(y)
In (a), F'(y) is uniquely defined. In (b), we define Fy'(y) = inf{z : Fx(z) >y}
Without loss of generality:

F'(1) = +oo if Fx(z) <1 Va € R and
F'(0) = —c0 if Fx(z) >0 Vz € R.

For Y = Fx(X) and 0 < y < 1, we have

PY <y = PFx(X)<y)

At the endpoints, we have P(Y <y)=1ify>1and P(Y <y)=0if y <0.
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But why is (x) true? — In (a), if Fix is strictly increasing and continuous, it is certainly
= Fy'(Fx(z)).

In (b), if Fyx(v1) = Fx(zg) for #1 < x < x9, it may be that Fy'(Fx(z)) # z. But by
definition, Fy!(Fx(z)) = 21 Vx € [z1,22). (%) holds since on [v1,22], it is P(X < x) =
P(X < 1) Vz € [x1,22]. The flat cdf denotes Fx(z2) — Fx (1) = P(z1 < X < 23) =0 by
definition. -

Note:
This proof also holds if there exist multiple intervals with z; < z; and Fx (x;) = Fx(z;), i.e.,

if the support of X is split in more than just 2 disjoint intervals. [
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3 Moments and Generating Functions

3.1 Expectation

(Based on Casella/Berger, Sections 2.2 & 2.3, and Outside Material)

Definition 3.1.1:
Let X be a real-valued rv with cdf Fx and pdf fx if X is continuous (or pmf fx and support

X if X is discrete). The expected value (mean) of a measurable function g(-) of X is

/ g9(z) fx(x)dx, if X is continuous

E(9(X)) =
Z g(z) fx(x), if X is discrete
zeX
if E(] g(X) |) < oo; otherwise E(g(X)) is undefined, i.e., it does not exist. |

Example:

X ~ Cauchy, fx(z) = m,—oo <z < oo:

o0 1
E( X :2/ T iz = —[log(1 + 2?)|5° =
(%) =2 [7 i de = flog(1 + o) = o0
So, E(X) does not exist for the Cauchy distribution. ]

Theorem 3.1.2:
If E(X) exists and a and b are finite constants, then F(aX + b) exists and equals aE(X) + b.

Proof:

Continuous case only:

Existence:

E(laX +b]) = /°° laz +b | fx(e)de

< [T dal 1w+ b D@

= Jal [ Jalsxt@dar | b] [ fx(@ys
— JalB(X D+ 0]

< o0
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Numerical Result:

E(aX +)

Theorem 3.1.3:

= /OO (ax +b) fx(x)dx

—00

= a/oo xfx(x)dx +b/_oo fx(z)dx

= aE(X)+0

If X is bounded (i.e., there exists a M, 0 < M < oo, such that P(| X |[< M) = 1), then E(X)

exists. -
Definition 3.1.4:
The k™" moment of X, if it exists, is my = E(X").
The k' absolute moment of X if it exists, is B = F(] X |F).
The k™ central moment of X, if it exists, is ur = F((X — E(X))*). ]
Definition 3.1.5:
The variance of X, if it exists, is the second central moment of X, i.e.,
Var(X) = E((X — E(X))?).
|
Theorem 3.1.6:
Var(X) = E(X?) — (B(X))2.
Proof:
Var(X) = B((X - B(X))*)
= BE(X?-2XE(X)+ (E(X))%)
= B(X?) - 2B(X)E(X) + (E(X))
= B(X?) -~ (B(X))?
|

Theorem 3.1.7:
If Var(X) exists and a and b
a*Var(X).

are finite constants, then Var(aX + b) exists and equals
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Proof:

Existence & Numerical Result:

Var(aX +b) = E (((aX +b) — E(aX +b))?) exists if E (] ((aX +b) — E(aX +b))? |) exists.

It holds that

E (| ((aX +b) — B(aX +))*|)
= B(((aX +b) - B(aX +b))?)

= Var(aX +b)
TS B((0X +0)°) — (B(aX +0)?
Th312 Ba2X2 4 2abX + %) — (aB(X) + b)?
Th.3.1.2

=2 G?B(X?) 4 2abE(X) 4+ b? — a*(E(X))? — 2abE(X) — b?
= d(B(X?) - (B(X))%)
=" aQVar(X)

< oo since Var(X) exists

Theorem 3.1.8:
If the t** absolute moment of a rv X exists for some t > 0, then all absolute moments of order
0 < s <t exist.

Proof:

Continuous case only:

E(X ") = / |z |° fx(z)dz + |z |° fx(z)dz
lz|<1 |z|>1

IN

/ 1 fx(x)de + L |t fx(e)dz
<1

|z|>1
< P(IX|sH+E(XT)

A

o0

Theorem 3.1.9:

If the t*" absolute moment of a rv X exists for some ¢ > 0, then
lim n'P(] X |[>n) = 0.
n—oo

Proof:

Continuous case only:
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00 > / |2 |" fx(z)dr = lim |2 |" fx(x)dx
R

— lim |z |' fx(x)dz =0
n—00 Jiz|>n
But, lim |2 |" fx(z)dr > lim nt/ fx(z)dr = lim n'P(| X |>n)=0 |
Note:

The inverse is not necessarily true, i.e., if lim n'P(] X |> n) = 0, then the " moment of a
rv X does not necessarily exist. We can only approach ¢ up to some § > 0 as the following
Theorem 3.1.10 indicates. n

Theorem 3.1.10:
Let X be a rv with a distribution such that lim n'P(] X |> n) = 0 for some ¢ > 0. Then,

E(|XP)<oo VO<s<t.

|
Note:
To prove this Theorem, we need Lemma 3.1.11 and Corollary 3.1.12. [
Lemma 3.1.11:

Let X be a non—negative rv with cdf F'. Then,

E(X) = /00(1 _ Fy(2))da

0

(if either side exists).

Proof:

Continuous case only:

To prove that the left side implies that the right side is finite and both sides are identical, we
assume that F(X) exists. It is

E(X):/Ooozpfx hm/ rfx(x

Replace the expression for the right side integral using integration by parts.

Let w = x and dv = fx(z)dz, then
A {L'fx( )dw—(xFX / FX

:an( —OFX / FX
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— nFx(n)—n+mn— /OnFX(a:)da:

— nFx(n) —n+ /On[l _ Fy(a)|de
—nlFx(n) ~ 1)+ [ 1 - Fx(a)ldz
— —nft = Fx(m)]+ [ "1 = Fx(a)lds
— _nP(X > )+ /0 "1 = Py (2)]da

X20_ip(1x] > n) + /0 "1 Fx(@)]de

n—oo

— E(X!) = lim (—nlp(\Xy > n) + /On[l — FX(a:)]dx)

n

204 lim [ [1 - Fx(2)|da

n—oo 0

Th

- /00[1 _ Fy(2))de
0

Thus, the existence of E(X) implies that / [1 — Fx(z)]dz is finite and that both sides are
0

identical.

We still have to show the converse implication:

[e.e]

If/ [1 — Fx(z)]dz is finite, then E(X) exists, i.e., E(] X |) = E(X) < oo, and both sides
are identical. It is

X >0

/Onznfx(:n)d:r E /0" |2 | fx(@)de = —n[l — Fx(n)] +/0"[1 — Fy(2)lde

as seen above.

Since —n[l — Fx(n)] <0, we get

/0" |2 | Fx(@)de < /0"[1 — Fy(2)]dz < /000[1 — Fy(a)dz < 00 Vn

Thus, . - -
lim |z | fx(x)dx = / |z | fx(z)dx < / [1 — Fx(z)]dz < o0
n—0 Jo 0 0
= E(X) exists and is identical to / [l — Fx(x)]dz as seen above. |
0
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Corollary 3.1.12:

BUXF)=s [y PX > y)dy

Proof:
o\ Lemma 3.1.11 [ & s
B( X |7) bemme /0 [1—F|X‘s(z)]dz:/0 P(| X |°> 2)d=

Let z = y*. Then g—; = sy* ! and dz = sy*~'dy. Therefore,
o0 [e.e]
[TruxEs 2a = [TPOX sy
0 o
SIS A (P

monotonic T

8/0 v IP(| X [> y)dy

Proof (of Theorem 3.1.10):

For any given € > 0, choose N such that the tail probability P(] X [>n) <5 ¥n > N.
oy Cor. 3.1.12 o
B X 1) 2 [Ty X > gy

N [%S)
=s [T POX B wdy+s [y PAX 1>y
N [e'¢) €
§/ sy 711 dy+s/ ys_l—tdy
0 N Yy
i 1
=y ) + 86/ y T = dy
N Yy
o
= N°+ se/ Yty
N
It is

[ vy = IR, A1
Iny |3, c=-1

- { 00, c>—1
- 1 c+1
—mN < o0, c < -1

Thus, for E(] X |*) < oo, it must hold that s — 1 —t < —1, or equivalently, s < t. So

E(] X |°) < o0, ie., it exists, for every s with 0 < s < t for a rv X with a distribution such

that lim n’P(] X |>n) = 0 for some ¢ > 0. |
n—oo
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Theorem 3.1.13:
Let X be a rv such that

. P(| X |>ak)
lim —————= =0V 1.
i P X > ) “-
Then, all moments of X exist.
Proof:
e For € > 0, we select some kg such that
P(] X |> ak)
————= < ¢ Vk > k.
P(X|>k ="
e Select k; such that P(| X |> k) <e Vk > k.
e Select N = max(ko, k1).
o If we have some fixed positive integer r:
P(| X |>a"k)  P(| X |>ak) ' P(| X |> oK) ‘ P( X |> o3k) o P(| X |> a"k)
P(|X|>k)  P(|XI|>k) P(|X|>ak) P|X|>a%k) = P(|X|>a1k)
_ P X [>ak) P(X|>a- (k) PX[>a- (k) - P(X[>a (@™ 1k))
P(|X|>k) P(X|>1-(ak)) P(|X|>1-(a?k)) = P(|X|>1-(a"1k))

e Note: Each of these r terms on the right side is < € by our original statement of selecting

P(|X|>ak)

some kg such that POXSE)

e Now we get for our entire expression that 7131%( )LTS,;/;)

k> ko) and o > 1.

<€ Yk > kg and since o > 1 and therefore ok > k.

< ¢€" for k > N (since in this case also

e Overall, we have P(| X |> a"k) < €"P(| X |> k) < " *! for k > N (since in this case also

k> k).

e For a fixed positive integer n:

e}

N
E(| X ") Cord1.12 n-/:n"_lP(| X |>z)dr = n/
0

0

e We know that:

[e.e]

2" P(| X |> z)dx + n/x”_lP(| X |> x)dx

N

N N
n/x"‘lP(l X |> x)de < /nx"‘ldx =" |f=N" <o
0 0

but is

oo

n/a:"_lP(] X |>x)de <oo ?

N

e To check the second part, we use:

o) a"N

/x”_lP(\ X |>x)de = i

N r=1 1
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e We know that:

a"N a"N
/ " P(| X |> z)de < € / "
o™ 1IN a™ 1N

This step is possible since ¢ > P(] X |> o' 'N) > P(| X |> 2) > P(| X |> o'N)
Vz € (a""IN,a"N) and N = max(kg, k7).

e Since (a"IN)" L < 2"l < (" N)" ! Vz € (" IN,a"N), we get:

a"N a"N
€’ / 2" tdr < €(a"N)"! / ldr < €(a"N)"Ya"N) = € (a"N)"
ar—1N ar 1IN

e Now we go back to our original inequality:

00 00 a"N 00 00
/a;"_lP(] X |>x)dr < Zer / 2" ldr < Zer(arN)” = N”Z(e ~a™)”
N r=1 a"—1N r=1 r=1
N"ea™ 1
= it ea” < 1 or, equivalently, if e < —
1—ea™ an
n n
e Since is finite, all moments E(| X |") exist. |
1—eam
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3.2 Moment Generating Functions

(Based on Casella/Berger, Sections 2.3 & 2.4)

Definition 3.2.1:
Let X be a rv with cdf Fx. The moment generating function (mgf) of X is defined as

Mx(t) = E(e'™)

provided that this expectation exists for ¢ in an (open) interval around 0, i.e., for —h <t < h
for some h > 0. [ |

Theorem 3.2.2:
If a rv X has a mgf Mx (t) that exists for —h <t < h for some h > 0, then
dn

B(X") = MY (0) = 55 Mo (#) li=o

Proof:

We assume that we can differentiate under the integral sign. If, and when, this really is true

will be discussed later in this section.

d d [°°
=M - tx
SMx(t) = = / e fx(a)de

_ /_O:o(%emfx(:n))dﬂc

= /_OO ze' fx (z)dx

= E(Xe)

Evaluating this at t = 0, we get: %Mx(t) lt=o= E(X)

1
<dt"—1 MX(t)>
(/_O:O x"_letxfx(ac)dw>

_oo(ax”_lemfx(a:))dx

e fx (x)dx

By induction, we get for n > 2:

dn
%Mx(t) =

S

Il Il
— \8
S

—00

— E(XnetX)

Evaluating this at ¢ = 0, we get: 4= Mx(t) [i—o= E(X") |
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Note:
We use the notation % f(z,t) for the partial derivative of f with respect to ¢ and the notation
% f(t) for the (ordinary) derivative of f with respect to ¢. ]

Example 3.2.3:
X ~Ul(a,b), where a < b; fx(x)= ﬁ g ().

Then,
b et:c etb _ eta
x(®) /ab—ax t(b—a)
0
Mx(0) = 0
L'Hospital  be® — ae®
b—a =0

tb ta

So Mx(0) =1 and since i(b%a)

fact, it exists for every ¢t € IR).

is continuous, it also exists in an open interval around 0 (in

(bef? — ae!®)t(b — a) — (e’ — et*) (b — a)

_ t(betb _ aeta) _ (etb _ em)
N t2(b —a)
L B(X) = My(0) = g

L'Hospital  bef? — ae® + th?et® — ta’e!® — bet’ 4 ael®

2t(b —a) 0
B tb2€tb _ ta2eta
2t(b—a) o
b2etb _ a2eta
2(b—a) o
b2 — a2
- 2(b—a)
_ b+a
N 2
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Note:
In the previous example, we made use of L’Hospital’s rule. This rule gives conditions under
which we can resolve indefinite expressions of the type “%” and “i%”.

(i) Let f and g be functions that are differentiable in an open interval around zg, say

in (g — 0,29 + d), but not necessarily differentiable in xg. Let f(z¢) = g(xg) = 0

/
and ¢'(z) # 0 Vo € (g — 6,29 + §) — {zo}. Then, lim ;C/Eg = A implies that also
T—xQ
lim % = A. The same holds for the cases lim f(x) = lim g(z) = oo and = — x{
T—x0 T—T( T—T(
or T — X .

(ii) Let f and g be functions that are differentiable for * > a (¢ > 0). Let

!
Jim f(z) = mangog(x) = 0 and xlingog'(x) # 0. Then, Jim ;/Eg = A implies that
also lim J@) =
w00 g(x)

(iii) We can iterate this process as long as the required conditions are met and derivatives
exist, e.g., if the first derivatives still result in an indefinite expression, we can look at

the second derivatives, then at the third derivatives, and so on.

(iv) It is recommended to keep expressions as simple as possible. If we have identical factors
in the numerator and denominator, we can exclude them from both and continue with

the simpler functions.

(v) Indefinite expressions of the form “0-0c0” can be handled by rearranging them to “1/%”
and lim /(@) can be handled by use of the rules for lim f(—x)
z——o0 g(x) v— g(—x)
|

Note:

The following Theorems provide us with rules that tell us when we can differentiate under
the integral sign. Theorem 3.2.4 relates to finite integral bounds a(6) and b(#) and Theorems
3.2.5 and 3.2.6 to infinite bounds. [

Theorem 3.2.4: Leibnitz’s Rule
If f(x,0),a(f), and b(#) are differentiable with respect to # (for all x) and —oo < a(f) <
b(f) < oo, then

b(6

b(6) )
%/a f(x,ﬁ)def(b(H),H)%b(H) —f(a(e),e)d%a(eH/a % (,0)dz.

() (©)

The first 2 terms are vanishing if a(f) and b(#) are constant in 6.
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Proof:

Uses the Fundamental Theorem of Calculus and the chain rule. []

Theorem 3.2.5: Lebesque’s Dominated Convergence Theorem
o0

Let g be an integrable function such that / g(z)dr < oco. If | f, |< g almost everywhere
—0o0

(i.e., except for a set of Borel-measure 0) and if f,, — f almost everywhere, then f,, and f

/_O:o fn(x)dx — /_O:o f(x)dx

are integrable and

| ]
Note:
If f is differentiable with respect to 6, then
a7 (@:0) = lim
and 0 F(w,0+8) — 1(2,6)
© © . x, - x,
50 (x, H)dw—/_oo(%l_)n% 5 dx
while d F(,0+6) — (z,0)
> . © x, - x,
@/_Oo F(x,0)dz _%136/_00 : dx
| ]

Theorem 3.2.6:

Let fn(z,00) = F(@Bo+on Z F@00) for some 0y. Suppose there exists an integrable function g(z)
[o.¢]

such that / g(x)dz < oo and | fr(z,0) |< g(x) Va, then

]| = [ [5G0 o) de

Usually, if f is differentiable for all 8, we write

d [ 9
@/_Oof(x,ﬁ)dx:/_oo %f(x,ﬁ)dx.

Corollary 3.2.7:

Let f(z,0) be differentiable for all §. Suppose there exists an integrable function g(x,#) such
that / g(x,0)dx < 0o and ‘&gf z,0) lo=g,| < g(x,0) Vz Vb in some e-neighborhood of 6,
then -

o 9
dﬂ/ (x,0)dx = 89f(x 0)dzx.
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More on Moment Generating Functions

Consider

0

ot
Choose t,dy small enough such that ¢t + dy € (—h,h) and t — 6y € (—h,h), or, equivalently,
|t+do |< hand |t—dy|< h.

e F (@) e | =| 2 | €T fx(2) for |t —t|< .

Section 3.2: MGF

1 Oy t O 1
/\ /\
| |
-h-1=- h+1=h
Then, 5
et () v < .
where

= [ 171051500, 20
| z | e(t_‘s‘))xfx(:n), z <0

To verify [ g(z,t)dx < co, we need to know fx(z).

Suppose mgf Mx (t) exists for | t |< h* for some h* > 1, where h*—1 > h. Then | t+d9+1 |< h*
and |t — 8y — 1 |< h*. Since | z |[< el*l Vz, we get

( t) _ e(t—l—&o—l—l)xfx(x)’ x> 0
Zz,
I =00V fy (1), 2 <0

oo 0
Then, / g(x,t)de < Mx(t+ dp+ 1) < oo and / g(z,t)de < Mx(t —dp — 1) < oo and,
0 —o0

therefore, / g(x)dx < 0.

—00
Together with Corollary 3.2.7, this establishes that we can differentiate under the integral in
the Proof of Theorem 3.2.2.

If h* <1, we may need to check more carefully to see if the condition holds.
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Note:

If Mx(t) exists for t € (—h, h), then we have an infinite collection of moments.

Does a collection of integer moments {my, : k = 1,2,3,...} completely characterize the distri-

bution, i.e., cdf, of X? — Unfortunately not, as Example 3.2.8 shows. [ |

Example 3.2.8:
Let X7 and X5 be rv’s with pdfs

and
fxo(2) = fx,(2) - (1 + sin(2mlog ) - T0,00) (%)
It is BE(X]) = BE(X3) = /2 for 1 = 0,1,2,. .. as you have to show in the Homework.

Two different pdfs/cdfs have the same moment sequence! What went wrong? In this example,

Mx, (t) does not exist as shown in the Homework! ]

Theorem 3.2.9:
Let X and Y be 2 rv’s with cdf’s Fx and Fy for which all moments exist.

(i) If Fx and Fy have bounded support, then Fx(u) = Fy(u) Vu iff E(X") = E(Y") for
r=0,1,2,....

(ii) If both mgf’s exist, i.e., Mx(t) = My (t) for t in some neighborhood of 0, then Fx(u) =
Fy(u) Yu.

Note:
The existence of moments is not equivalent to the existence of a mgf as seen in Example 3.2.8

above and some of the Homework assignments. [ |

Theorem 3.2.10:
Suppose rv’s {X; }22, have mgf’s Mx, (t) and that lim Mx,(t) = Mx(t) Vt € (—h,h) for some
h > 0 and that Mx(t) itself is a mgf. Then, there exists a cdf Fiy whose moments are deter-

mined by Mx (¢) and for all continuity points = of Fx(z) it holds that lim Fy,(x) = Fx(z),

i.e., the convergence of mgf’s implies the convergence of cdf’s.

Proof:

Uniqueness of Laplace transformations, etc. [ |
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Theorem 3.2.11:
For constants a and b, the mgf of Y = aX + b is

My (t) = e M (at),

given that Mx (t) exists.
Proof:
My(t) _ E(e(aX—I—b)t)
— E(eaXtebt)
— eth(eXat)

= " My(at)
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3.3 Complex—Valued Random Variables and Characteristic Functions

(Based on Casella/Berger, Section 2.6, and Outside Material)

Recall the following facts regarding complex numbers:

Section 3.3: Complex Numbers

imaginary

| : real

0 =410 =/—1;i% = —1;43 = —i;i* = +1; ete.

in the planar Gauss’ian number plane it holds that ¢ = (0, 1)
z=a+1b=r(cos¢+isin¢)
r=|z|=va2+ b2

Euler’s Relation: z = r(cos ¢ + isin ¢) = re'®

Mathematical Operations on Complex Numbers:

21 E 29 = (a1 + ag) + Z(bl + b2)
21 - 29 = r1reet@1H02) — piro(cos(py + p2) + isin(dr + ¢2))
4 = Leil01m92) = L(cos(¢1 — ¢o) + isin(¢1 — d2))

Moivre’s Theorem: z™ = (r(cos ¢ + isin¢))"™ = r"™(cos(n¢) + isin(ne))

Vz=Va+ib= Yr (cos(%) + isin(¢+—f;27r)) for k=0,1,...,(n—1) and the main value
is obtained for k =0

Inz =In(a+ib) = In(| z |) 4+ i¢ £ ik - 21 where ¢ = arctan 2, k = 0,41, £2, ..., and the main

value is obtained for £ =0
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Note:

Similar to real numbers, where we define v/4 = 2 while it holds that 22 = 4 and (—2)? = 4,
the n'" root and also the logarithm of complex numbers have one main value. However, if we
read n* root and logarithm as mappings where the inverse mappings (power and exponential
function) yield the original values again, there exist additional solutions that produce the

original values. For example, the main value of v/—1 is 5. However, it holds that > = —1 and
(—i)? = (-1)%i® =i = —1. So, all solutions to v/—1 are {i, —i}.

Conjugate Complex Numbers:

For z = a + ib, we define the conjugate complex number Z = a — ib. It holds:

Definition 3.3.1:
Let (2, L, P) be a probability space and X and Y real-valued rv’s, i.e., X,Y : (Q, L) — (IR, B)

(i) Z=X+1iY : (2, L) — (T, Bg) is called a complex—valued random variable (C-1v).

(ii) If E(X) and E(Y) exist, then E(Z) is defined as E(Z) = E(X) +iE(Y) € C.

|
Note:
E(Z) exists iff E(] X |) and E(] Y |) exist. It also holds that if E(Z) exists, then
| E(2)I<E(Z])
(see Homework). ]
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Definition 3.3.2:
Let X be a real-valued rv on (2, L, P). Then, ®x(t) : R — € with ®x(t) = E(e™X) is called

the characteristic function of X. ]
Note:
(i) x(t) = / e fx(x)dr = / cos(tz) fx (x)dx —i—i/ sin(tz) fx (x)dz

if X is continuous.

(ii)) ®x(t) = Z ePP(X =1) = Z cos(tr)P(X =x) +1 Z sin(tx)P(X = z)
zeX zeX zeX

if X is discrete and X is the support of X.

(iii) ®x(¢) exists for all real-valued rv’s X since | e® |= 1.

Theorem 3.3.3:

Let ®x be the characteristic function of a real-valued rv X. Then it holds:
(i) ®x(0)=1.
(ii) | Px(t) <1 Vte R.

(iii) ®x is uniformly continuous, i.e., Ve > 0 30 > 0 Vi1, t0 € R :| t1 —ta |< § =] P(t1) —
(I)(tg) ’< €.

(iv) ®x is a positive definite function, i.e., Vn € IN Vay,...,a, € € Vt1,...,t, € R:

Z Z ala_j(I)X(tl - tj) > 0.
=1 j=1

(v) x(t) = ®x(-1).

(vi) If X is symmetric around 0, i.e., if X has a pdf that is symmetric around 0, then
dx(t) € R Vt e RR.

(Vii) (I)aX-i-b(t) = eitb@x(at).

Proof:

See Homework for parts (i), (ii), (iv), (v), (vi), and (vii).
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Part (iii):
Known conditions:
(i) Let € > 0.
(i) 3a>0:P(~a< X <+a)>1—-Fand P(| X [>a) < §
(iii) 36>0: |t _1|< S Vast. |z|<aand V(' —t) st. 0 < (' —t) <0.

This third condition holds since | ¢?® —1 |= 0 and the exponential function is continuous.
Therefore, if we select (¢ —t) and 2 small enough, | e =97 —1 | will be < $ for a given

€.

Let t,t' € R, t <t',and t' —t < §. Then,

aox(t) -~ ox®)] = | [ e xdn - [ e e
= | [ e e |

_ | /_:(ezt’m B eztm)fx(x)dx i /+a(elt,m _ elm)fx(l‘)dl‘ + /+oo(elt’m _ eltﬂc)fX (gj)dl‘ |

—a “+a

IN

|/_a(ezt’x_eztm)f ( d ta wae itz
B @) || [ - o) (e |

—a

+oo ,
+ | . (e — &) fx (x)da |

We now take a closer look at the first and third of these absolute integrals. It is:

| /_:(elt'x - em)fx(ﬂf)dﬂf | = | /_: eZt,fo(iU)d.ﬁU _ /_a emfx(ﬂ?)daj |

—00

< | /_ et g (a)da | + | /_ et p () da |
< [ e px@de+ [ et | i)

= /_a 1fX(a:)da:+/__a 1fx(z)dx

= /_ 2fx(z)dx.
(A) holds due to Note (iii) that follows Definition 3.3.2.
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Similarly,

400 , 400
et e i @yde 1< [ 2 (@)
+a +a

Returning to the main part of the proof, we get

| ox(t') — Ox(t)| < /

—a

+a +oo
2fx(z)dx + | (e — ) fx(x)dx | +/ 2fx(z)dx

—a +a

“+00

:2< _: Fx(2)dz + /+ a fX(x)dx) 1 et = ety () |

+a ,
—2P( X |za) + | [ (@7 - ) fx(a)do |

Condition (ii) ¢ +a
< 2— + |

1 (" = ) fx (x)da |

+a ,
= S e 1) fx(a)da |

2 —a
€ ta wx ( (t —t)r
<t [Theme 1) | fx(x)d
€ ta e | (' —t)z
< S [Te e 1) | fx(@)ds
(B) € Ta e
<3 + » 1§fX(x)dx
€ oo ¢
< Z i
<3 —i—/_oo 2fX(a:)da:
e c
202
=€
(B) holds due to Note (iii) that follows Definition 3.3.2 and due to condition (iii). |

Theorem 3.3.4: Bochner’s Theorem
Let ® : IR — @ be any function with properties (i), (ii), (iii), and (iv) from Theorem 3.3.3.
Then there exists a real-valued rv X with ®x = &. [ ]
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Theorem 3.3.5:
Let X be a real-valued rv and F(X*) exists for an integer k. Then, ®x is k times differen-
tiable and @g’;) (t) = i* B(X*eX). In particular for t = 0, it is @%)(0) = i*my,. ]

Theorem 3.3.6:
Let X be a real-valued rv with characteristic function ® x and let ®x be k times differentiable,

where k is an even integer. Then the k" moment of X, my, exists and it is <I>g’<€)(0) =i*my;. m

Theorem 3.3.7: Levy’s Theorem
Let X be a real-valued rv with cdf F'x and characteristic function ®x. Let a,b € IR, a < b.
If P(X =a)=P(X =b) =0, i.e., Fx is continuous in a and b, then

F(b) — F(a) ! /OO M@X(t)dt.

:% oo 1t

Theorem 3.3.8:
Let X and Y be a real-valued rv with characteristic functions ®x and ®y. If &x = &y, then
X and Y are identically distributed. [ |

Theorem 3.3.9: -
Let X be a real-valued rv with characteristic function ®x such that / | x(t) | dt < 0.
oo

Then X has pdf -
1 [ .
Frle) = — / =D (1) dt.

21 J_oo

Theorem 3.3.10:
Let X be a real-valued rv with mgf Mx (t), i.e., the mgf exists. Then ®x(t) = Mx(it). =

Theorem 3.3.11:

Suppose real-valued rv’s { X;}9°, have cdf’s { Fx, }32; and characteristic functions {®x, (¢)}32.
If lim ®x,(t) = ®x(t) Vt € (—h,h) for some h > 0 and P x(t) is itself a characteristic function
(of a rv X with cdf Fy), then

lim Fy,(x) = Fx(x)

1—00
for all continuity points x of Fx(z), i.e., the convergence of characteristic functions implies

the convergence of cdf’s. [ |
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Theorem 3.3.12:

Characteristic functions for some well-known distributions:

Distribution D x(t)
i) X ~ Dirac(c) ette

ii) X ~ Bin(1,p) 1+p(e —1)
iii) X ~ Poisson(c)| exp(c(e® — 1))

eitb _eita
(b—a)it

(

(

(

(iv) X ~U(a,b)

(v) X~ N(0,1) exp(—t2/2)
(vi) X ~ N(u,0%) | e exp(—a?t?/2)
(vii) X ~T(p,q) 1-4

(
(

viii) X ~ Exp(c) (1—4)-t

ix) X ~x2 (1 — 2it)~"™/?

(i) x(t) = E(eitX) - eitcP(X =¢) = pite

(i) ex(t) =) ™ P(X =k)=e™(1—p)+e''p=1+p(e" —1)

k=0
(iii) @x(t) = Z el - ﬁe_c =e* i i(C . eit)n =e ¢. ec'eit = ec(eit—l)
* n! n!

nelNo n=0

o ..n
T

since Z —=e
n=0

1 b 1 [eitz]?  itb _ gita
P Zt:cd — —
(iv) ®x(t) = b—a/ ¢ b—a[itL (b—a)it
(v) X ~ N(0,1) is symmetric around 0

= ®x(t) is real since there is no imaginary part according to Theorem 3.3.3 (vi)

22

it =22
— Dx(t ez dr = — cos(tx)e = dx

\/ 2 / V2 /
Since F(X) exists, ®x(t) is differentiable according to Theorem 3.3.5 and the following
holds:

67



(vii)

%(t) = Re(Px(t))

o0 itx 1 7‘"”2d
= Re / T e e 2 dx
- Vor

~~
cos(tz)+isin(tx)

0 R o0 R
= Re (/ imcos(ta:)\/2_erx+/ —a:sin(ta:)\/2_erx)
— 00 s —00 ™
g2

— sin(tz)) ge 2 da: | v = —tcos(tx) and v =—e2~
—_—

A

u v’

2

—tcos(tz))(—e 2 )dx

1 _
= sin(tz)e™2

var == \/ﬂ/

=0 since sin is odd

= —t—/ cost:z:ez dx

= —tPx(1)

Thus, @y (t) = —t®x(t). It follows that gﬁgg = —t and by integrating both sides, we
get In | @x(t) [= —1t> + ¢ with c € IR.

For t = 0, we know that ®x(0) = 1 by Theorem 3.3.3 (i) and In | ®x(0) |= 0. It follows
that 0 = 0 + ¢. Therefore, c =0 and | x(¢t) |= e 3t

If we take t = 0, then ® x(0) = 1 by Theorem 3.3.3 (i). Since ®x is uniformly continuous,
® x must take the value 0 before it can eventually take a negative value. However, since
e 3 >0 Ve IR, ®x cannot take 0 as a possible value and therefore cannot pass into

the negative numbers. So, it must hold that ®x(t) = e 3 Vte IR

For o > 0,1 € IR, we know that if X ~ N(0,1), then 0 X + p ~ N(p,0?). By Theorem
3.3.3 (vii) we have

Boxau(t) = Dy (ot) = cithe 37,

Dy(t) = Amlmwn% 2)dx

oo P
/ eztxq_$p—1e—qxd$
0 I'(p)

© qv p—1 _—(q—it)x
= ——aP e dzx
o I'(p)
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= ——(q—it) p/ (g —it)x)P" e D2 (g —it)da | u= (¢ —it)z, du= (q—it)dx
0

OO
:——th/ )P~ te  du
0

=I'(p)

(viii) Since an Exp(c) distribution is a I'(1, ¢) distribution, we get for X ~ Exp(c) =T'(1,¢):

(ix) Since a x?2 distribution (for n € IN) is a T'(%, ) distribution, we get for X ~ 2 =
r(z, b

Bx(t) = (1= 175772 = (1= 2it)

Example 3.3.13:
Since we know that m; = E(X) and my = F(X?) exist for X ~ Bin(1,p), we can determine

these moments according to Theorem 3.3.5 using the characteristic function.

It is )
Dx() = 14p(e? 1)
() = pie”
\(0) = pi
&' (0
—m = OB )
<I>’)/<(t) = pi2eit
% (0) = pi®
" (0 i2
oy = %:%:p:E(Xz)
= Var(X) = E(X?) - (E(X))?=p—p°=p(l-p) n



Note:
[e.e]

The restriction / | ®x(t) | dt < oo in Theorem 3.3.9 works in such a way that we don’t
[e.e]

end up with a (non—existing) pdf if X is a discrete rv. For example,

e X ~ Dirac(c):

/ | Dy (t) | dt :/ | e | d
:/ 1dt
= t]|%

which is undefined.

e Also for X ~ Bin(1,p):

= [t -1

= [ et == |
> et [T ey a

= p/ 1dt—(1—p)/ 1 dt

- (Qp—l)/oo 1 dt

— o0

= @2r-1t|=

[ rex@ra = [ et -1 ar

which is undefined for p # 1/2.
If p=1/2, we have

/ | peit — (p—1) | dt — 1/2/ et +1 ] dt

[e.e]
= 1/2/ | cost +isint+ 1 |dt
[e.e]

_OO

- 1/2/ V(cost +1)2 + (sint)? dt
o

= 1/2/ \/cos2t—|—2005t—|—1—|—sin2tdt
—00

= 1/2/ V24 2cost dt

which also does not exist.
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e Otherwise, X ~ N(0,1):

/OO | Oy (t) | dt = /oo exp(—t2/2)dt

= \/%/_OO \/12_7Texp(—t2/2)dt
= Vor
< o0
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3.4 Probability Generating Functions

(Based on Casella/Berger, Section 2.6, and Outside Material)
Definition 3.4.1:

Let X be a discrete rv which only takes non—negative integer values, i.e., pr = P(X = k), and

o0
Z pr = 1. Then, the probability generating function (pgf) of X is defined as
k=0

G(s) = Z prst.
k=0

|
Theorem 3.4.2:
G(s) converges for | s [< 1.
Proof:
o0 o
|G IS D] Ios® IS D Ipw =1 u
k=0 k=0

Theorem 3.4.3:
Let X be a discrete rv which only takes non—negative integer values and has pgf G(s). Then

it holds:
1 dF

PX =R =g

G(s) [s=0

Theorem 3.4.4:
Let X be a discrete rv which only takes non—negative integer values and has pgf G(s). If
E(X) exists, then it holds:

d
EX)=—G o=
(X) = £G(s) oo
| ]
Definition 3.4.5:
The k" factorial moment of X is defined as
EX(X-1)(X-2)-...- (X —k+1)]
if this expectation exists. [ |
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Theorem 3.4.6:
Let X be a discrete rv which only takes non—negative integer values and has pgf G(s). If

EX(X —1)(X —2)-...- (X — k+1)] exists, then it holds:
dk
EX(X-1)(X-2)-...-(X—k+1]= @G(s) ls=1
Proof:
Homework []
Note:

Similar to the Cauchy distribution for the continuous case, there exist discrete distributions

where the mean (or higher moments) do not exist. See Homework. ]

Example 3.4.7:
Let X ~ Poisson(c) with

PX=k=pr=e°—, k=0,1,2,....

It is

It follows:

From Theorem 3.4.3, we get:

1 dF 1 .
P(X = ]{7) = E@G(S) |S:0: Ee Ck

s |s:0: _e—cck

k!
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From Theorem 3.4.4, we get:

d
E(X)= EG(S) ls=1= e “ce” |s=1=¢

From Theorem 3.4.6, we get:

d2

E(X?)-EX)=EX(X -1)) = -3

G(s) |s=1= e e 1= 2
It follows:

Var(X) = (BE(X®) - EX))+EX) - (EX))?=+c—-c =c¢

74



3.5 Moment Inequalities

(Based on Casella/Berger, Sections 3.6, 3.8, and Outside Material)

Theorem 3.5.1:
Let h(X) be a non—negative Borel-measurable function of a rv X. If F(h(X)) exists, then it

holds:
P(h(X)>e€) < w

Ve >0

Proof:

Continuous case only:
BH(X) = [ ha)fx(a)ds
= /Ah(ac)fx(x)dx + /Ac h(z)fx(z)dr | where A= {x:h(zx) > €}
> /A W) fx (2)dz

> / efx(z)dx
A
= €eP(h(X)>¢€) Ve>0

Therefore, P(h(X) >¢€) < w Ve > 0. [ ]

Corollary 3.5.2: Markov’s Inequality
Let h(X) =] X |" and € = k" where r > 0 and k > 0. If E(| X |") exists, then it holds:

E(X])

PIX |20 < =

Proof:
Since P(| X |[> k) = P(| X |"> k") for k > 0, it follows using Theorem 3.5.1:

Th.3.5.1 r
351 B( X ")

P(X |2 k) =P( X "2 k) v

Corollary 3.5.3: Chebychev’s Inequality
Let h(X) = (X — u)? and € = k?0? where E(X) = pu, Var(X) = 02 < o0, and k > 0. Then it
holds:

1
Pl X —pl|2ko) < 15
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Proof:
Since P(| X — p |> ko) = P(| X — pu |*> k%0?) for k > 0, it follows using Theorem 3.5.1:

sl B( X —pl?) _ Var(X) _ o> _ 1

k202 k202 k202 k2

P(| X — |2 ko) = P(| X — |2 K20?)

Note:
For k = 2, it follows from Corollary 3.5.3 that

1
P(| X = p|<20) 21— o5 = 0.75,

no matter what the distribution of X is. Unfortunately, this is not very precise for many
distributions, e.g., the Normal distribution, where it holds that P(] X —p |< 20) ~ 0.95. =

Theorem 3.5.4: Lyapunov’s Inequality
Let 0 < B, = E(] X |") < co. For arbitrary k such that 2 < k < n, it holds that

Bee1)FT < (B,
Le., (B(| X [F1)FT < (B(| X [F)F.

eI

Proof:

Continuous case only:
Let Q(u,v) = E((u | X \% +u | X ]%)2) where 1 < j <k —1.

Obviously, by construction, Q(u,v) >0 Yu,v € IR. Also,

Quo) = [lalF ol o5 s

— 2 /OO |z [t fX(;E)d$+2UU/OO |z | fx(z)dx + v* /OO |z PH fx(x)da

— 0o —00 — 0o
= u2ﬂj_1 + 2uvB; + 'U2/8j+1
> 0 YVu,v€e R

Note that for a binary quadratic form

QF (z,y) = (z vy) (g g) <z>:Aaz2+2Bxy+Cy2

it holds that QF is positive semidefinite, i.e., QF(xz,y) > 0 Vz,y € R, iff A > 0 and
AC — B?% > 0. Here, we have by construction that Q(u,v) > 0 with A = 3;_1 > 0,B = 3; > 0,
and C' = ;41 > 0. Therefore, it must hold:
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AC —B?>0

— Bj18j41— 33 >0
— 07 < Bj—18j+1

= 07 <518

This means that 37 < 8o, 35 < 8763, 35 < B33, and so on until ﬁ,fﬁ‘” < ﬁ],j:% Ig_l.
Multiplying these k — 1 inequalities, we get:

k—1 . k-1
115 < 11548
j=1 i=1
= (BoB)(BE53)(B363)(B458) ... (BEZ2BE~2)(Br 3B
k-2
= BB [T 57
j=1

k—2

Dividing both sides by H ﬂ?j , we get:
j=1
P < BBy B
gk, < gt
L Ee1
= By < B°
= 1
=61 < B
(%) holds since By = E(| X |°) = E(1) = 1. -

Note:
o It follows from Theorem 3.5.4 that

(B(X D) < (BQX PN <(BIX PP << (B X M)V

e For X ~ Dirac(c), ¢ > 0, with P(X = ¢) = 1, it follows immediately from Theorem
3.3.12 (i) and Theorem 3.3.5 that m; = E(X*) = ¢*. So,
E( X )= EB(X*) =

and
(E(| X [F)VF = (B(XF)VE = (P)E =

Therefore, equality holds in Theorem 3.5.4.
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4 Random Vectors

4.1 Joint, Marginal, and Conditional Distributions

(Based on Casella/Berger, Sections 4.1 & 4.2)

Definition 4.1.1:
The vector X' = (X1,...,X,)on (Q, L, P) — IR" defined by X (w) = (X3 (w), ..., Xn(w)) ,w €

Q, is an n—dimensional random vector (n—rv) if X 1(I) = {w: X;(w) < ay,..., X,(w) <
an} € L for all n—dimensional intervals I = {(z1,...,2,) : —00 < x; < aj,a; € R Vi =
1,...,n}. [
Note:

It follows that if X3,...,X,, are any n rv’s on ({2, L, P), then X = (X1,...,X,) is an n-1v
on (2, L, P) since for any I, it holds:

XN = {w:(Xi(w),..., Xn(w)) €T}

= {w: Xj(w) <ay,..., Xpw) <ap}

€L
€L
|
Definition 4.1.2:
For an n—rv X, a function F' defined by
Flz) =P(X <z)=P(X1 <21,...,Xp <) VZER"
is the joint cumulative distribution function (joint cdf) of X. ]
Note:
(i) F is non—decreasing and right—continuous in each of its arguments ;.
(ii) 2hqnéF(g) = mlaoc}}%naooF@) =1 and xklin—looF@) =0 Vzi,...,Th—1,Thils---,Tpn €
R.

However, conditions (i) and (ii) together are not sufficient for F' to be a joint cdf. Instead we

need the conditions from the next Theorem. []
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Theorem 4.1.3:
A function F(z) = F(z1,...,x,) is the joint cdf of some n—rv X iff

(i) F is non—decreasing and right—continuous with respect to each x;,

(ii)) F(—o00,x2,...,2y) = F(x1,—00,23,...,2y) = ... = F(x1,...,2p-1,—00) = 0 and
F(o0,...,00) =1, and

(iii) Vz € IR" Ye; > 0,1 = 1,...n, the following inequality holds:

n
Flz+e — F(z1+ €1, Tic1 + €61, %0, Tig1 + €1, -+, Tn + €n)

=1

+ Z F(:E1—1—61,...,1'2‘_1+€i_1,$i,l’i+1—|—€i+1,...,
1<i<j<n

Tj—1 + €j—1,Tj, Tj+1 + €j+15-+-5Tn + 671)

T

+ (=1)"F(z)

)

Note:

We won’t prove this Theorem but just see why we need condition (iii) for n = 2:

Theorem 4.1.3

Yo——

Plx1 < X <z,y1 <Y <y9) =
P(X <29, Y <o) = P(X <21, Y <o) = P(X <2, Y <)+ P(X <21,V <y1) 20
n
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Note:
We will restrict ourselves to n = 2 for most of the next Definitions and Theorems but those
can be easily generalized to n > 2. The term bivariate rv is often used to refer to a 2-rv

and multivariate rv is used to refer to an n-rv, n > 2. [ |

Definition 4.1.4:
A 2-rv (X,Y) is discrete if there exists a countable collection X of pairs (z;,y;) that has
probability 1. Let p;; = P(X = x;,Y =y;) > 0 V(z;,y;) € X. Then, Zp,-j =1 and {p;;} is

Z?]
the joint probability mass function (joint pmf) of (X,Y). [

Definition 4.1.5:
Let (X,Y) be a discrete 2-rv with joint pmf {p;;}. Define

pi =Y pij = PX =u,Y =y;) =P(X =)
= =1

and
o0 o0
pi= pij=) P(X=u1,Y =y;)=P(Y =y,).
i=1 i=1

Then {p;.} is called the marginal probability mass function (marginal pmf) of X and
{p.;} is called the marginal probability mass function of Y. ]

Definition 4.1.6:

A 2-rv (X,Y) is continuous if there exists a non—negative function f such that

F(z,y) :/_moo/_yoof(u,v) dv du Y(z,y) € IR

where F' is the joint cdf of (X,Y’). We call f the joint probability density function (joint
pdf) of (X,Y). |

Note:

If F is absolutely continuous at (z,y), then

O?F(z,y)

ooy f(z,y).
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Definition 4.1.7: -
Let (X,Y) be a continuous 2-rv with joint pdf f. Then fx(x) = / f(x,y)dy is called the

marginal probability density function (marginal pdf) of X and fy(y) = / flz,y)dx
is called the marginal probability density function of Y. - [ |

Note:
(i)
/_O:Ofx(w)de/_o:o (/OO f(x,y)dy) dx = F(c0,00) =1 =

—00

[ rwwis)dy= [~ nway

and fx(x) >0 Vz € R and fy(y) >0 Vy € R.

(ii) Given a 2-rv (X,Y) with joint cdf F(z,y), how do we generate a marginal cdf
Fx(z) = P(X <) ? — The answer is P(X < z) = P(X <z,-00 <Y < x0) =
F(z,00).

Definition 4.1.8:
If Fx(x1,...,2,) = Fx(z) is the joint cdf of an n1v X = (Xy,...,X,), then the marginal
cumulative distribution function (marginal cdf) of (X;,,...,X; ), 1 <k <n—-1,1<

1 <9 < ...<1i <mn,is given by

lim  Fx(z) = Fx(00,...,00,&,00,...,00,Lj,,00,...,00,Tj,00,...,00).
T;—00,i711,...,0k
|
Note:
In Definition 1.4.1, we defined conditional probability distributions in some probability space
(Q, L, P). This definition extends to conditional distributions of 2-1v’s (X,Y). |

Definition 4.1.9:
Let (X,Y) be a discrete 2-rv. If P(Y = y;) = p.; > 0, then the conditional probability

mass function (conditional pmf) of X given Y = y; (for fixed j) is defined as

P(X =z;,Y =vy;) _Pij
P =y;) p.j

pz’|j:P(X:33i|Y:yj):
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Note:

For a continuous 2-rv (X,Y) with pdf f, P(X <z | Y = y) is not defined. Let ¢ > 0 and
suppose that P(y —e <Y < y+¢€) > 0. For every x and every interval (y — €,y + €|, consider
the conditional probability of X < z given Y € (y — €,y + €. We have

PX<z,y—e<Y <y+e)
Ply—e<Y <y+e)

PX<z|ly—e<Y <y+e=

which is well-defined if P(y —e <Y <y +¢€) > 0 holds.

So, when does
lim P(X <z|Y €e(y—ey+e)

e—0t

exist? See the next definition. [ ]

Definition 4.1.10:
The conditional cumulative distribution function (conditional cdf) of a rv X given
that Y = y is defined to be

Fxpy(z|y) = lim P(X <a|Y €(y—ey+d)

provided that this limit exists. If it does exist, the conditional probability density func-
tion (conditional pdf) of X given that Y = y is any non-negative function fxy (v | y)

satisfying
Fxy(z|y) = /_zo fxy (] y)dt Vo e RR.
|
Note: o0
For fixed y, fx|y(z | y) > 0 and /OO fxy(w | y)dz = 1. So it is really a pdf. [ ]

Theorem 4.1.11:
Let (X,Y") be a continuous 2-rv with joint pdf fx y. It holds that at every point (z,y) where

f is continuous and the marginal pdf fy (y) > 0, we have

. PX<zYely—ey+e)
F = 1
Xy (| y) el P(Y € (y—ey+e)

y+e
26/ / fxy(u,v)dv du
= lim L

e—0+ y+e
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/_:v Ixy(u,y)du

Ir(y)
T fxy(u,y) ”
—o0 fY(y) du.

Thus, fxy(z | y) exists and equals I X];;((Z)’y), provided that fy(y) > 0. Furthermore, since

/_xoo fxy(uwy)du = fy(y)Fxy(z | v),

we get the following marginal cdf of X:

@) = [~ ([ pertpin)dy= [ fr) Py vy

Example 4.1.12:

Consider

2, O<zrx<y<l1

Ixy(z,y) = {

0, otherwise

Example 4.1.12
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We calculate the marginal pdf’s fx(x) and fy(y) first:

fx(x) = /_OO Ixy(z,y)dy = /1 2dy=2(1—2z)for0 <z <1

and . ,
fr(y) :/ fxy(:z:,y)d:r:/ 2dx =2y for 0 <y < 1
—00 0

The conditional pdf’s fy|x(y | #) and fx|y (= | y) are calculated as follows:

fxy(z,y) 2 1
frixylz) = @) = 30 —2) =1—= for z <y <1 (where 0 <z < 1)
and ey (@) 5 )
T,y
f :Ey:L:—:—f0r0<x<y where 0 <y < 1
@) ==y =2y =y ( )
Thus, it holds that Y | X =z ~ U(z,1) and X | Y =y ~ U(0,y), i.e., both conditional pdf’s
are related to uniform distributions. [ |
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4.2 Independent Random Variables

(Based on Casella/Berger, Sections 4.2 & 4.6)

Example 4.2.1: (from Rohatgi, page 119, Example 1)
Let f1, f2, f3 be 3 pdf’s with cdf’s Fy, Fy, F5 and let | a |[< 1. Define

falzr, 2, 3) = fi(z1)fa(@2) f3(23) - (1 + a(2F1(21) — 1)(2F2(z2) — 1)(2F3(z3) — 1)).
We can show
(i) fais a pdf for all a € [—1,1].
(i) {fa:—1<a <1} all have marginal pdf’s f1, fa, f3.

See book for proof and further discussion — but when do the marginal distributions uniquely

determine the joint distribution? [ |

Definition 4.2.2:
Let Fx y(x,y) be the joint cdf and Fx(z) and Fy (y) be the marginal cdf’s of a 2-rv (X,Y).
X and Y are independent iff

Fxy(z,y) = Fx(2)Fy(y) V(z,y) € R*.

|
Lemma 4.2.3:
If X and Y are independent, a,b,c,d € IR, and a < b and ¢ < d, then
Pla<X <be<Y <d)=Pla< X <bP(c<Y <d).
Proof:
Pla< X <bec<Y <d) = FX,y(b, d) — F)Qy(a, d) — FX,y(b, c)+ F)Qy(a, ¢)
= Fx(b)Fy(d) — Fx(a)Fy(d) — Fx(b)Fy(C) + Fx(a)Fy(C)
= (Fx(b) — Fx(a))(Fy (d) — Fy(c))
= Pla< X <bP(c<Y <d) -
Definition 4.2.4:
A collection of rv’s X1, ..., X,, with joint cdf Fiy(z) and marginal cdf’s Fx,(x;) are mutually
(or completely) independent iff
Fi(l’) = HFXZ(:BZ) Vz € IR".
i=1
|
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Note:

(i) We often simply say that the rv’s Xi,...,X,, are independent when we really mean

that they are mutually independent.

(ii) Instead of saying “a necessary and sufficient condition for discrete rv’s X1, ..., X, to be
independent is ...” in the following Theorem, we could say that “discrete rv’s X1, ..., X,
are independent iff ...”, i.e., “necessary and sufficient” means the same as “iff’.

A is necessary for B means: B = A (because -A = —B)
A is sufficient for B means: A = B

Theorem 4.2.5: Factorization Theorem

(i) A necessary and sufficient condition for discrete rv’s Xji,..., X,, to be independent is
that

where X C IR" is the countable support of X.

(ii) For an absolutely continuous n—rv X = (X3,...,X,), X1,..., X, are independent iff

f&(&) = le,...,Xn(JEl, ce ,l'n) = H in(xi)v

1=1

where fx is the joint pdf and fx,,..., fx, are the marginal pdfs of X.
Proof:

(i) Discrete case:

“=": Let X be a random vector whose components are independent random variables
of the discrete type with P(X =b) > 0.

Lemma 4.2.3 can be extended to:
Pla<X<b) = Plar<X1<by, ..., an < X;, < by)

= P(al<X1§b1)-...-P(an<Xn§bn) (A)
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Therefore,

P(X =8 = lmPla< X <)

= lim P(a1<X1§b1, ...,an<Xn§bn)
ainiViE{l,...m}

li P X, <by) ... P X <bh
ainiViIE%,...,n} (a1< L= 1) (an< n S n)

= PXyi=b) ...-P(X, =by)

n
= J[P&Xi=0b),
i=1
i.e., (*) holds.
“<”: For n dimensions, let z = (x1,22,...,2,), x; = (Ti1,Ti2,...,%Tin), and
B ={z; : zy1 < 1, mig < x9, ..., Tinp < xp}, B € X. We assume that (x) holds.

Then it follows:

Fx(z) = Y P(X=u)

z,€EB
= Y P(X1 =z, X2 = Tig, ..., Xn = Tip)
z,€EB
n
& Z HP = Zij)
z,€B j=1
n
zi1<71 T;2<T2 Tin—1<Tn—1 Tin<Tn j=1
n—1
= > > > > (H P(X; = xij)) P(Xn = Zin)
21521 52522 Tin—1<Tn—1Tin<Tn \Jj=1
Cx s (i) ()
i1 <71 Ti2<T2 ZTin—1<Tn—1 =1 Tin<Tn
= > > Y (HP = Tij) ) P(Xp—1 :xi,n_l)( > P(Xn:a:m))
zi1<71 T;2<T2 Tin—1<Tn—1 ZTin<Tn

= > > - (ﬁP(Xj:xij)) ( > P(Xna ZJEi,n—l)) ( ZP(anxm))

zi1<x1 Ti2<T2 Tin—1<Tn—1 Tin<Tn
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ie., Xi1,...,X, are mutually independent according to Definition 4.2.4.

(ii) Continuous case: Homework

Theorem 4.2.6:
X1,...,X, are independent iff P(X; € A;, i=1,...,n) = H P(X; € A;) ¥V Borelsets A; € B

i=1
(i.e., rv’s are independent iff all events involving these rv’s are independent).

Proof:

Lemma 4.2.3 and definition of Borel sets. [ ]

Theorem 4.2.7:
Let Xi,...,X, be independent rv’s and g¢i,...,9, be Borel-measurable functions. Then
91(X1),92(X2),...,9n(X,) are independent.

Proof:

o (X1),92(X2)smgn(Xn) (P1 B2, he) = P(g1(X1) < ha,92(X2) < ha, .., gn(Xy) < hy)

= P(Xl € gl_l((_oo7h1])7"'7Xn 6951((_007}1”]))

n

=20 T P(Xi € g ' ((—o0, hi)))
i=1

n

= HP(gi(Xz‘) < h;)

(%) holds since gl_l((—oo,hl]) €B,...,0, ((—o0,hy)) € B u
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Theorem 4.2.8:

If Xy,...,X, are independent, then also every subcollection X;,,...,X;,,

k=2,...,n—1,
1 <4y <ig...<i <mn,is independent. [

Definition 4.2.9:

A set (or a sequence) of rv’s {X,,}22 is independent iff every finite subcollection is indepen-

dent. [
Note:

Recall that X and Y are identically distributed iff Fx(x) = Fy(xz) Vz € IR according to
Definition 2.2.5 and Theorem 2.2.6. ]

Definition 4.2.10:
We say that {X,,}5°, is a set (or a sequence) of independent identically distributed (iid)

rv’s if {X,,}°2, is independent and all X, are identically distributed. |
Note:
Recall that X and Y being identically distributed does not say that X =Y with probability
1. If this happens, we say that X and Y are equivalent rv’s. [
Note:

We can also extend the defintion of independence to 2 random vectors X™*! and Y"™*!:
X and Y are independent iff Fx y(z,y) = Fx(z)Fy(y) Vz,y € IR".

This does not mean that the components X; of X or the components Y; of Y are independent.
However, it does mean that each pair of components (X;,Y;) are independent, any subcollec-
tions (Xj,,...,X;,) and (Yj,,...,Y},) are independent, and any Borel-measurable functions

f(X) and g(Y) are independent. ]

Corollary 4.2.11: (to Factorization Theorem 4.2.5)
If X and Y are independent rv’s, then

Fyy(z |y) = Fx(z) Yz,

and
Fyix(y|z)=Fy(y) Vy.
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4.3 Functions of Random Vectors

(Based on Casella/Berger, Sections 4.3 & 4.6)

Theorem 4.3.1:
If X and Y are rv’s on (2, L, P) — IR, then

(i) X+Yisarv.
(ii) XY isarv.

(iti) If {w: Y (w) = 0} = @, then 3+ is a rv.

Theorem 4.3.2:
Let Xy,..., X, berv'son (2, L, P) — IR. Define

MAXn = maX{Xl, . ,Xn} = X(n)

by
MAX, (v) = max{X;(w),..., X, (w)} YweQ
and
MIN, = min{Xy,..., Xy} = Xq) = —max{—-X1,..., - Xy}
by
MIN,(w) = min{X; (w), ..., Xp(w)} Ywe Q.
Then,

(i) MIN,, and M AX,, are rv’s.

(ii) If Xy,..., X, are independent, then
Fyax,(2) = PIMAX, <z)=P(X;<zVi=1,....n) = [[ Fx.(2)
i=1

and
Fyin, (2) = P(MIN, < 2)=1-P(X; >2Vi=1,...,n) =1— [[(1 - Fx,(2)).
=1

(iii) If {X;}7, are iid rv’s with common cdf Fx, then

Fyax, (2) = Fx(2)
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and
FMIN7L(Z) =1 (1 — FX(z))".

If F'x is absolutely continuous with pdf fx, then the pdfs of M AX,, and MIN,, are

frax,(2) =n-Fg'(2) - fx(2)
and
fuin, (z) =n- (1= Fx(2))" " fx(2)

for all continuity points of Fx. [

Note:

Using Theorem 4.3.2, it is easy to derive the joint cdf and pdf of M AX,, and MIN,, for iid
rv’s {Xy,...,X,}. For example, if the X;’s are iid with cdf Fx and pdf fx, then the joint
pdf of MAX,, and MIN,, is

0, r<y
n(n—1)- (Fx(x) - Fx(y)" - fx(@)fx(y), =>y

However, note that M AX,, and M IN,, are not independent. See Rohatgi, page 129, Corollary,

fyvax, miIn, (T,y) = {

for more details. m
Note:
The previous transformations are special cases of the following Theorem 4.3.3. [ |

Theorem 4.3.3:
If g : R® — IR™ is a Borel-measurable function (i.e., VB € B™ : ¢g'(B) € B") and if
X =(Xy,...,X,,) is an n—rv, then ¢g(X) is an m-rv.

Proof:
If B € B™, then {w:g(X(w)) € B} ={w: X(w) € g7 1(B)} € B". |

Question: How do we handle more general transformations of X 7

Discrete Case:
Let X = (X1,...,X,) be a discrete n—rv and X C IR" be the countable support of X, i.e.,
PXeX)=1land P(X=2)>0 Vz e
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Define w; = gi(x1,...,2,),7 = 1,...,n to be 1-to-1-mappings of X onto B. Let u =
(ui,...,uy)". Then

PU=u)=P(¢(X)=u1,...,9n(X) =u,) = P(X1 =h(w),..., X, = hp(u)) YVue B
where x; = h;j(u),i = 1,...,n, is the inverse transformation (and P(U =u) =0 Yu & B).

The joint marginal pmf of any subcollection of u;’s is now obtained by summing over the other

remaining u;’s.

Example 4.3.4:
Let X,Y beiid ~ Bin(n,p),0 <p < 1. Let U = Y—HandV Y +1.

Then X =U - (Y +1)=UV and Y =V — 1. So the joint pmf of U,V is

P(U —u, V= 1)) _ (n )puv(l _ p)n—uv (U i 1>pv—1(1 _p)n—i-l—v

U
_ (n) < n )puv—‘,—v—l(l _ p)2n+1—uv—v
uv ) \v—1
forve{l,2,...,n+ 1} and wv € {0,1,...,n}. [ ]

Continuous Case:

Let X = (Xy,...,X,) be a continuous n—rv with joint cdf Fx and joint pdf fx.

Let
Ui g1(X)

U=| : |=9&X)= : :
Un gn(i)
i.e., U; = ¢;(X), be a mapping from IR" into IR".

If B € B", then
PWeB) =PXeg'(B) =] i@ = gf ! L{) Hd”“

where g~1(B) = {z = (21,...,2,) € R" : g(z) € B}.

Suppose we define B as the half-infinite n—dimensional interval

By = {(t1,...,Up) : —00 <@ <u; Yi=1,...,n}
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for any u € IR™. Then the joint cdf of U is

o) = PWU € By) = P(gr(X) <. ogn(X) <un) = 1) pr(@ydtw).

— g (Bw)'
If G happens to be absolutely continuous, the joint pdf of U will be given by
fu(w) "G lu) at every continuity point of f;
u) = ———— .
Ui Oui0usg ... 0uy, Y yp u

Under certain conditions, we can write fy in terms of the original pdf fx of X as stated in

the next Theorem:

Theorem 4.3.5: Multivariate Transformation
Let X = (X3,...,X,) be a continuous n—rv with joint pdf fx.

(i) Let
Uy 91(X)
U= : =g(X) = : )
Un gn(X)
ie., U; = ¢g;(X)) be a 1-to-1-mapping from IR" into IR", i.e., there exist inverses h;,
i =1,...,n, such that z; = h;(u) = h;(u1,...,uy),i = 1,...,n, over the range of the

transformation g.

(ii) Assume both g and h are continuous.

(iii) Assume partial derivatives gz? = 62;(_2), 1,7 =1,...,n, exist and are continuous.
J J

(iv) Assume that the Jacobian of the inverse transformation

8m1 8901 8m1 8m1
8(:13 . ) Ouy " Oun Ouy " Oun
o () g [
b o OzTn OTn OzTn 0Tn
our """ Oun our """ Oun

is different from 0 for all w in the range of the transformation.
Then the n—rv U = ¢g(X) has a joint absolutely continuous cdf with corresponding joint pdf

fow) =T | fx(hi(w), ..., hn(w)).

Proof:
Let u € IR"™ and
By ={(t1,...,0,) : —00 < @ <u; Vi=1,...,n}
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Then,

Guuw) = 0-1(By) fx(z)d(z)

= Lo e, e 11w

The result follows from differentiation of Gy .

For additional steps of the proof see Rohatgi (page 135 and Theorem 17 on page 10) or a book

on multivariate calculus. ]

Theorem 4.3.6:
Let X = (X3,...,X,) be a continuous n—rv with joint pdf fx.

(i) Let

(i)
(i)

(vi)

Uy g1(X)
U=| : |=9X)= :
Un gn(i)
(i.e., U; = gi(X)) be a mapping from IR" into IR".
Let X={z : fx(z) > 0} be the support of X.

Suppose that for each u € B = {u € R" : u = g(z) for some z € X} there is a finite
number k = k(u) of inverses.

Suppose we can partition X into Xy, Xi,..., Xk s.t.

(a) P(X € &) =0.
(b) U = g(X) is a 1-to-1-mapping from X; onto B for all [ = 1,..., k, with inverse

hur (w)
transformation hy(u) = : ,u € B, i.e., for each u € B, hy(u) is the unique
hln(@)
z € X} such that u = g(z).
: g Oz, _ Ohy(u) _ s :
Assume partial derivatives Ju. = “ou, Il =1,...,k, 4,5 = 1,...,n, exist and are
continuous.

Assume the Jacobian of each of the inverse transformations

91 Oz Ohyy Ohyy Ohyy Ohyy
Oui " Oun ou1 T Oun ou1 e Oun
Jy=det| Do =det| S I Col, =1,
Ozy Ozy Ohin Ohin Ohyy Ohyy
ou1 Tt Oun ou1 T Oun ou1 e Oun

is different from 0 for all u in the range of the transformation.
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Then the joint pdf of U is given by

k
fu) =" 0| fx(hn(w), ... hin(w).

=1

Example 4.3.7:
Let X,Y beiid ~ N(0,1). Define

X Y40
U:gl(X,Y):{S/ Y?_é

and
V=gpXY)=|Y].

X = IR?, but U,V are not 1-to-1 mappings from X onto B since (U, V)(z,y) = (U, V)(—z, —y),
i.e., conditions do not apply for the use of Theorem 4.3.5. Let
X = {(z,y):y=0}
X = {(z,y):y >0}
X = {(z,y):y <0}
Then P((X,Y) € &) = 0.
Let B = {(u,v) : v > 0} = g(X1) = g(X2).

Inverses:

B—-X:x = hji(u,v) =uwv
y = hpa(u,v) =v
B—Xy:x = ho(u,v) =—uv
y = ha(u,v) =—v
vou
Jp = 0 1 =v = |Ji|=|v|
—v —u
R e R PR
fxy(l' y) — ie—x2/26_y2/2
AT 2m
Fovuo) = |v| e @P2e=2 /2y |y | Lo (cun? /2= (0?2
’ 2w 2w
v 7(u2+1)112
= —e 2 , —oco<u<oo, O0<v<o
T
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Marginal:

Y —(uP+1)0? (w2 4+ 1w? dz 9

fuw) = [T | = EN e

™

e
~ o @+ "

1 0o
_ Lz
= @y,
1
== m, —oo < U<

Thus, the ratio of two iid N(0,1) rv’s is a rv that has a Cauchy distribution.
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4.4 Order Statistics

(Based on Casella/Berger, Section 5.4)

Definition 4.4.1:

Let (X1,...,X,) be an n-1v. The k" order statistic Xk is the k™ smallest of the X/s, i.e.,
Xay = min{Xy,..., Xp}, Xy = min{{Xq,..., Xn} \ Xy}, ..o, Xy = max{Xy,..., Xp}.
It is Xy < Xgy < ... < Xy and {X(1), X(2),---, X(n)} is the set of order statistics for
(X1,...,X5). |

Note:
As shown in Theorem 4.3.2, X(;) and X,y are rv’s. This result will be extended in the fol-

lowing Theorem:

Theorem 4.4.2:
Let (Xi,...,X,) be an n-rv. Then the k" order statistic Xy, k=1,...,n,isalsoarv. m

Theorem 4.4.3:
Let Xi,..., X, be continuous iid rv’s with pdf fx. The joint pdf of X(y),..., X(y,) is

n
n'HfX(‘TZ)7 i <axy< ... <,
fX(1)7“-7X(n) (‘Tlv o ,.Z'n) = =1

0, otherwise

Proof:

For the case n = 3, look at the following scenario how X7, Xo, and X3 can be possibly ordered
to yield X (1) < X(9) < X(3). Columns represent X (), X(2), and X(3). Rows represent X1, X,
and X3:

X1)X(2)X(3)

X 1 00
Ek=1: X1<Xo< X3 : Xy 0
X3 0 0 1

k=2: Xi<X3<Xy

Ek=3: Xo<Xi<X3
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0 0

k=4: Xo<X3<Xi : 1 0
0

0 1

k=5: X3<X1<X2 : 0 0

0

k=6: X3<Xo<Xj : 0 1

0

For n = 3, there are 3! = 6 possible arrangements.

For example, if k = 2, we have
X1 < X3 <Xy

with corresponding inverse

X1 =X, Xo=Xg), Xz=Xpq

d

an 83:1 83:1 8ZE1
Or) Oz Oz 1
Jo=det | —2 2 22| et o

2 63:(1) 8ZE(2) 8ZE(3)
T3 T3 T3 0

63:(1) 8ZE(2) 8ZE(3)

with ’ Jo ’: 1.

= o O
o = O

In general, there are n! arrangements of X, ..., X, for each (X(y),...,X(y)). This mapping

is not 1-to—1. For each mapping, we have a n x n matrix J that results from an n x n identity

matrix through the rearrangement of rows. Therefore, J, = £1 and | J; |= 1. By Theorem

4.3.6, we get for r1 < z0 < ... <z,

fX(1)7"'7X(n) (T1,. o an) = fX(l):---vX(n) (33(1)7 e

n!
= Z [ Tie | X (k) T ) - -

k=1

= n!le,,,,7Xn(x(kl),x(kz), ce

= nl ][] fx.(z@,)
=1

= n! H fX(l‘Z)
i=1
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Theorem 4.4.4: Let Xy,...,X, be continuous iid rv’s with pdf fx and cdf Fx. Then the
following holds:

(i) The marginal pdf of X, k=1,...,n, is

n!

o @) = 5= im—n

J(Fx (2)* (1 = Fx (2)" ™" fx ().

(ii) The joint pdf of X(;) and X(3), 1 <j <k <mn,is

n!
Fxgyxa (@ o) = (G—DUk—7—Dl(n—k)! .

(Fx ()~ (Fx (x) — Fx ()" 7711 = Fx ()" ™" fx (25) fx ()

if 2; < 3, and 0 otherwise.
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4.5 DMultivariate Expectation

(Based on Casella/Berger, Sections 4.2, 4.6 & 4.7)

In this section, we assume that X’ = (X1,...,X,) is an n-rv and g : IR" — IR™ is a Borel-

measurable function.

Definition 4.5.1:

If m =1, i.e., g is univariate, we define the following:

(i) Let X be discrete with joint pmf p;; ;. = P(X1 = Ty, ..., Xp = m,). I
Z Dir,in: | 9(@iy, .., xi,) |< 00, we define E(g Z Dir oo = 9( Ty oo Ziy)
gﬁdighis value exists. et
(ii) Let X be continuous with joint pdf fx(z). If/ z) | fx(z) dz < oo, we define
E(g(X)) = o 9(z) fx(x)dz and this value exists.
|
Note:

The above can be extended to vector—valued functions g (n > 1) in the obvious way. For

example, if g is the identity mapping from IR" — IR", then

E(Xy) o
E(X)= : =

E(Xn) Hn
provided that E(| X; |) <oco Vi=1,...,n

Similarly, provided that all expectations exist, we get for the variance—covariance matrix:

Var(X) = ¥x = E(X - E(X)) (X - BE(X))')
with (4,7)"" component
E((Xi — B(X3)) (Xj — E(X}))) = Cov(Xi, Xj)

and with (4,7)"" component

E((X; — E(Xy)) (X; — BE(Xy))) = Var(X;) = 0.

The correlation p;; of X; and X; is defined as

CO’U(XZ',X]‘)

Pij =
UZ'O'j
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Joint higher—order moments can be defined similarly when needed. [ |

Note:
We are often interested in (weighted) sums of rv’s or products of rv’s and their expectations.

This will be addressed in the next two Theorems. []

Theorem 4.5.2:
Let X;,i = 1,...,n, be rv’s such that F(| X; |) < oco. Let a,...,a, € IR and define
n

S = ZaiXi. Then it holds that E(] S |) < oo and
i=1

n
=Y wE(X
=1

Proof:

Continuous case only:

BISD = [ 13 e fxlaye
1=1

|az| | i | fx(z)dz

IA
—

n
1=

n

= Z | a; | / | z; | (/ . f&(&)dwl...dxi_ldxi+1...dxn> dz;

=1

a’l ’ / ’ Ty ’ sz(xz)dwz

NgERL M:

|ai | E(| Xi )

AN
21

n

It follows that E(S) = Z a;E(X;) by the same argument without using the absolute values

i=1
| ]
Note:
If X;,i=1,...,n, are iid with E(X;) = p, then
B(X)=E(_ DX =) —B(X)=up
i=1 =1
|
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Theorem 4.5.3:
Let X;,i = 1,...,n, be independent rv’s such that E(] X; |) < oco. Let g;,i = 1,...,n, be

Borel-measurable functions. Then

E(H 9i(X;)) = H E(gi(Xi))
i=1 i=1
if all expectations exist.
Proof:
By Theorem 4.2.5, fx(z) = Hin(xi), and by Theorem 4.2.7, g;(X;),i = 1,...,n, are also

i=1
independent. Therefore,

i=1 R \i=1
22 / (gi(xi)in(xi)dwi)
anz 1
= . ) 7 d )
o fy Bt T oo
AT et @ndn [ gl e [ gaGon) fx, @),
R R R
= H gz X fX 332 d$z
i=1 R
= JIE@(x)
i=1
| |
Corollary 4.5.4:
If X,Y are independent, then Cov(X,Y) = 0. [ |

Theorem 4.5.5:
Two rv’s X,Y are independent iff for all pairs of Borel-measurable functions ¢g; and go it
holds that E(g1(X) - g2(Y)) = E(g1(X)) - E(g2(Y)) if all expectations exist.

Proof:
=" It follows from Theorem 4.5.3 and the independence of X and Y that

E(g1(X)g2(Y)) = E(91(X)) - E(g2(Y)).
“«<=": From Theorem 4.2.6, we know that X and Y are independent iff
P(X €A, YeAy)=P(X e€A)) P(Y € Ay) V Borel sets A and As.
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How do we relate Theorem 4.2.6 to g1 and g2? Let us define two Borel-measurable functions

g1 and g9 as:
1, x¢€ Al
= I =
91(@) 4(@) { 0, otherwise
1, Yy < A2
= I =
92(4) A:(9) { 0, otherwise
Then,
E(g1(X)) = 0-P(XeAf)+1-P(Xe€A)=P(X €4,
E(g(Y)) = 0-P(Y€A5)+1-P(Y € Ay) = P(Y € Ag)
and
E(gl(X)-gg(Y)) = P(XEAl,YGAg).
—_——
€{0,1}
:>P(X€A1,YEA2) = E(gl(X)gg(Y))
=" E(g1(X)) - E(ga(Y))
= P(XEAl)P(YEAg)
=—> X, Y independent by Theorem 4.2.6. [

Definition 4.5.6:

The (it",i4, ..., it") multi-way moment of X = (X;,...,X,,) is defined as

Miyiy. i, = B(XT' X3 ... X))
if it exists.

The (it it ..., it") multi-way central moment of X = (X1,...,X,,) is defined as

Piria..in = B(]] (Xj — E(X;))¥)

J=1

if it exists. [ ]

Note:
If we set i, =i, = 1 and i; = 0 Vj # r, s in Definition 4.5.6 for the multi-way central moment,
we get
= Hrs = C Xrst .
#o.010.010.0 " ovl )

1
1
s
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Theorem 4.5.7: Cauchy—Schwarz Inequality
Let X, Y be 2 rv’s with finite variance. Then it holds:
(i) Cov(X,Y) exists.
(i) (BE(XY))? < E(X?)E(Y?).
(iii) (E(XY))? = E(X?)E(Y?) iff there exists an (a,3) € IR? — {(0,0)} such that
PlaX +p3Y =0) =1.
Proof:
Assumptions: Var(X), Var(Y) < co. Then also E(X?), E(X), E(Y?), E(Y) < oo.
Result used in proof:
0<(a—0b)%*=a?—2ab+b*>= ab< #
0<(a+b)?=a?+2ab+b> = —ab < #

—|ab| <L VabeR (%)

BAXY ) = [ lay| fv(e.y)de dy

() 22 + 92
< / Y fxy(z,y)dx dy
R 2

x2 y2
| St @ydsdy+ [ %@y da

2 2
= [ S+ [ Lpviay

E(X?) + E(Y?)
2

= E(XY) exists
= Cov(X,Y) = E(XY)—- E(X)E(Y) exists
(i) 0 < E((aX +BY)?) = a?E(X?) + 2aBE(XY) + BPEY?*)Va,B€ R (A)

If £(X?) =0, then X has a degenerate 1-point Dirac(0) distribution and the inequality
trivially is true. Therefore, we can assume that E(X2) > 0. As (A) is true for all

a, 8 € IR, we can choose a = %ﬂ)/r), 6=1.
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(iii)

(B — 2B 4+ E(Y?) >0

— —(B(XY)? + E(Y?)E(X?) >0

=

= (B(XY))* < E(X?) E(Y?)

When are the left and right sides of the inequality in (ii) equal?

Assume that E(X?) > 0. (E(XY))? = E(X?)E(Y?) holds iff E((aX +3Y)?) = 0 based
on (ii). It is therefore sufficient to show that E((aX+£Y)?) = 0iff P(aX+8Y = 0) = 1:
(4:>77:

Let Z = aX + BY. Since E((aX + pY)?) = E(Z?) = Var(Z) + (E(Z))? = 0 and
Var(Z) >0 and (E(Z))? > 0, it follows that E(Z) = 0 and Var(Z) = 0.

This means that Z has a degenerate 1-point Dirac(0) distribution with P(Z = 0) =
P(aX +8Y =0) = 1.

“<:’7:
If PlaX +8Y =0) = P(Y = —3X) =1 for some (a,) € R? — {(0,0)}, ie., YV is
linearly dependent on X with probability 1, this implies:

—aX
B

)? = <%>2<E<X2>>2 — B(X?)(

a

6)2E(X2) = BE(X?)BE(Y?)

(E(XY))* = (B(X -
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4.6 Multivariate Generating Functions

(Based on Casella/Berger, Sections 4.2 & 4.6)
Definition 4.6.1:

Let X' = (X1,...,X,) be an n-rv. We define the multivariate moment generating

function (mmgf) of X as

Mx(t) = ElX)=F <exp (i tiXZ-))
i=1

n
if this expectation exists for |t |= Z t? < h for some h > 0. |
\ i=1

Definition 4.6.2:
Let X' = (X1,...,X,) be an n—rv. We define the n—dimensional characteristic function
Ox : IR" — Cof X as

Px(t) = E(¥Xy=F (exp (izn:th])) .
j=1

|
Note:
(i) ®x(t) exists for any real-valued n-rv.
(ii) If Mx(t) exists, then ®x(t) = Mx(it).
|

Theorem 4.6.3:

(i) If Mx(t) exists, it is unique and uniquely determines the joint distribution of X. ®x(t)

is also unique and uniquely determines the joint distribution of X.

(i) Mx(t) (if it exists) and ®x(t) uniquely determine all marginal distributions of X, i.e.,
MXi(ti) = M&(Q, ti,Q) and and (I)Xi(ti) = (I)&(Q, ti,Q).

(iii) Joint moments of all orders (if they exist) can be obtained as

My :MMX@) = B(X]' X2 ... Xin)
N 1 o it P "

if the mmgf exists and

Dx(0) = (X1 X2 ... Xin).

Mivin = Gt A oo | oty
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(iv) Xi,...,X, are independent rv’s iff

MX(tlv"'atn) :Mi(tl,Q)MX(O,tQ,Q)MX(Q,tn) tha"'atn GR,

given that My (t) exists.

Similarly, X1,..., X, are independent rv’s iff

(I)i(tlw-- ,tn) = (I)i(tl,g) : (I)&(O,tg,g) et @&(Q,tn) Vii,...

Proof:

,tn € IR.

Rohatgi, page 162: Theorem 7, Corollary, Theorem 8, and Theorem 9 (for mmgf and the case

n=2).

Theorem 4.6.4:
Let X1,..., X, be independent rv’s.

(i) If mgf’s Mx, (t),..., Mx, (t) exist, then the mgf of ¥ = Z a; X; is

i=1
My (t) = [] Mx,(ait)  [Note: ]
i=1
on the common interval where all individual mgf’s exist.

n
(ii) The characteristic function of Y = Z a; X; is
j=1

Oy (t) = ﬁ dx;(ajt) [Note: ]
j=1

(iii) If mgf’s Mx, (t),..., Mx, (t) exist, then the mmgf of X is

n

Mx(t) = [[ Mx,(t;) [Note: ;]

=1

on the common interval where all individual mgf’s exist.

(iv) The n—dimensional characteristic function of X is

@X(ﬁ) = ﬁ (I)Xj (tj). [Note: tj]
j=1
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Proof:

Homework (parts (ii) and (iv) only)

Theorem 4.6.5:

Let X7, ..., X, beindependent discrete rv’s on the non-negative integers with pgf’s Gx, (s),...,Gx, (s).

The pgf of Y = ZXZ' is

Proof:

Version 1:

1=1

Gx,(s) = Z P(X; = k)s*

Gy(s) = E(s")

1=1

Version 2: (case n = 2 only)

Gy (s)

indep.

P(Y=0)4+P(Y =1)s+P(Y =2)s> +...
P(X; =0,X5 =0)+
(P(X1=1,X=0)+P(X; =0,Xy=1)) s +
(P(X1=2,X=0)+P(X; =1,Xy=1)+ P(X; =0,Xy =2)) s> + ...
P(X1 = 0)P(Xy =0) +
(P(X; =1)P(Xy = 0) 4+ P(X; = 0)P
(P(X; =2)P(Xy =0) 4+ P(X; = 1)P
(P(X1 =0)+ P(X1 = 1)s + P(X; = 2)s* + ...

(Xo=1))s+
(X2

N——

(P(Xs = 0)+ P(Xo = 1)s + P(X = 2)s* + ...
GX1 (3) ’ GXz(S)
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A generalized proof for n > 3 needs to be done by induction on n. [

Theorem 4.6.6:
Let Xi,...,Xn be iid discrete rv’s on the non—negative integers with common pgf Gx(s).
Let N be a discrete rv on the non—negative integers with pgf G (s). Let N be independent

N
of the X;’s. Define Sy = ZX,-. The pgf of Sy is
i=1

Gsy(s) = Gn(Gx(s))-
Proof:

P(Sy =k) "2 iP(SN — kI[N =n)-P(N =n)

n=0

= Gsy(s) = iP(SN =Fk)-s*
k=0
= i iP(SN:MN:n)-P(N:n)-Sk
k=0 =0

- iP(N:n)iP(SNZk\NZn)-Sk
n=0 k=0

= iP(N = n)iP(Sn =k)- s
n=0 k=0
= ZP(N =n)-Gg,(s)
n=0
TS S p(V = m) [ [0, (6)
n=0 =1

“ NPV =n)- (Gx(s)"
n=0

= Gn(Gx(s))

Example 4.6.7:

Starting with a single cell at time 0, after one time unit there is probability p that the cell will
have split (2 cells), probability ¢ that it will survive without splitting (1 cell), and probability
r that it will have died (0 cells). It holds that p,q,r > 0 and p 4+ ¢ + r = 1. Any surviving
cells have the same probabilities of splitting or dying. What is the pgf for the # of cells at

time 27
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Example 4.6.7

/2;
J
e
T

Gx(s) = Gn(s)=ps®+qs+r= Gg?)(s)
G(l)(s) = 2ps+gq
GP(s) = 2
By Th. 3.4.3,
(k)
P(X = k)= S
k! o0
Therefore,
(0)
P(X=0) = G)B|(0) =
G0 (0
px=1) = SO _,
G0
px=z = SO,
N
Sy o= DX
i=1
Gsy(5) Th. 466 p(ps®> +qs+1)2 +qps’ +qs+7)+1 =
W0
Sg'( ) = pridqr+r
etc.
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Theorem 4.6.8:

Let Xi,..., Xy be iid rv’s with common mgf Mx(t). Let N be a discrete rv on the non—
N

negative integers with mgf My (t). Let N be independent of the X;’s. Define Sy = ZX,-.
i=1
The mgf of Sy is

MSN(t) = MN(lnMx(t)).

Proof:

Consider the case that the X;’s are non—negative integers:

We know that

Gx(s) = E(s%)=E(E*") = B(™)%) = Mx(lns) (%)
:>Mx(8) = Gx(es)
— Mgy (£) = Gay(e) ™25 Gy (Gx(eh) = Gn(Mx (1)) € My(in My (£)

In the general case, i.e., if the X/s are not non—negative integers, we need results from Section

4.7 (conditional expectation) to proof this Theorem. ]
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4.7 Conditional Expectation

(Based on Casella/Berger, Section 4.4)

In Section 4.1, we established that the conditional pmf of X given Y = y; (for Py (y;) > 0)

is a pmf. For continuous rv’s X and Y, when fy(y) >0, fxyy(z | y) = fXJz;((Z)’y), and fxy

and fy are continuous, then fx|y(z | y) is a pdf and it is the conditional pdf of X given Y = y.

Definition 4.7.1:
Let X,Y berv’son (2, L, P). Let h be a Borel-measurable function. Then the conditional
expectation of h(X) given Y, i.e., E(h(X) | Y), is a rv that takes the value E(h(X) | y). It

is defined as

Z hMz)P(X =z |Y =y), if (X,Y) is discrete and P(Y =y) >0
B [y =

/ h(z) fxy (x| y)dz, if (X,Y) is continuous and fy(y) > 0

Note:

Depending on the source, two different definitions of the conditional expectation exist:
(i) Casella and Berger (2002, p. 150), Miller and Miller (1999, p. 161), and Rohatgi and
Saleh (2001, p. 165) do not require that E(h(X)) exists. (ii) Rohatgi (1976, p. 168) and
Bickel and Doksum (2001, p. 479) require that E(h(X)) exists.

In case of the rv’s X and Y with joint pdf

Ixy(z,y) = xe_x(y+l)l[0,oo)(x)l[0,oo) (),

it holds in case (i) that E(Y | X) = + even though E(Y) does not exist (see Rohatgi and
Saleh 2001, p. 168, for details), whereas in case (ii), the conditional expectation does not exist!

|
Note:
(i) Therv E(h(X) |Y) =g(Y) is a function of Y as a rv.

(ii) The usual properties of expectations apply to the conditional expectation, given the

conditional expectations exist:

(a) E(c|Y)=c Vee R.
(b) E(aX +b|Y)=aE(X|Y)+b Va,be R.
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(c) If g1, g2 are Borel-measurable functions and if E(g1(X) | Y), E(g2(X) | V) exist,
then F(a191(X) +a292(X) | Y) =a1 E(1(X) | Y) + a2FE(92(X) | Y) Vay,as € IR.

(d) If X >0,ie., P(X>0)=1,then E(X|Y)>0.
(e) If X1 Z XQ, i.e., P(Xl 2 XQ) = 1, then E(X1 | Y) Z E(X2 | Y)

(ili) Moments are defined in the usual way. If E(| X |” | Y) < oo, then E(X" | Y) exists

and is the 7" conditional moment of X given Y.

| |
Example 4.7.2:
Recall Example 4.1.12:
2, O<zrx<y<l1
x,y) =
fxy(@y) { 0, otherwise
The conditional pdf’s fy|x(y | #) and fx|y (= | y) have been calculated as:
1
fyix(y|z) = . forz <y <1 (where 0 <z <1)
and )
fX|y(x\y):§f0r0<x<y(whereO<y<1).
So, y
EX |y = [ Ldo=1
0oy
and .
1 1 9 11—22 14z
E Y — D u— = — — — —
Wla)=J =5 v I—z2| 21-z 2
Therefore, we get the rv’s E(X |Y) =¥ and E(Y | X) = X |

Theorem 4.7.3:
If E(h(X)) exists, then
Ey (Ex)y (h(X) [ Y)) = E(h(X)).

Proof:

Continuous case only:

By (Exiy (b(X) 1Y) = [ Bxp(W(X) | )y (w)dy

- /_O:o /_O:O W) fxy (@ | y) fy (y)dady
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= /_O:O h(x) /_O:O Ixy(z,y)dydx

[e.9]

- /_ " (@) fx (2)da
E(h(X))

Theorem 4.7.4:
If E(X?) exists, then

Vary(E(X |Y))+ Ey(Var(X |Y)) = Var(X).

Proof:
Vary(E(X |Y))+Ey(Var(X | Y)) = Ey(B(X |Y))?) = (Ey(E(X | Y)))?
+ By (B(X?|Y) - (BE(X | Y))?)
2T By (BX | Y))?) = (B(X)? + E(X?) — By (B(X | Y))?)
= EX?) - (B(X))?
= Var(X)
n

Note:

If B(X?) exists, then Var(X) > Vary (E(X |Y)). Var(X) = Vary (E(X | Y)) iff X = g(Y).
The inequality directly follows from Theorem 4.7.4.

For equality, it is necessary that
Ey(Var(X |Y)) = Ey(B(X - E(X | Y))* | Y)) = By (B(X? | Y) = (BE(X | Y))*) =0

which holds if X = E(X |Y) = g(Y).
If X,Y are independent, Fx|y (v |y) = Fx(x) V.
Thus, if E(h(X)) exists, then E(h(X) |Y) = E(h(X)). |
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Proof: (of Theorem 4.6.8)

Def.
Mg, (t) P B(etSv)

N
= E exp(tZXi)

i=1
uh(X)//
N N
T ':4'7'3 En EN <6Xp(tZXi) ‘ N)
> Xi|N i=1
i=1

First consider

N n
E y (exp(tZXi) | n) = E <exp(tZXi)>
ZXZ. | N i=1 ZXZ i=1
i=1

i=1

Th. 4.6.4(i)

ﬁ MXi (t)
=1

X,L-:ud H MX (t)
=1

= (Mx ()"

N
— Mg, (t) = En (H Mx(t)>

i=1
= Ex((Mx()™)
— En(exp(NIn Mx(t)))

= MN(lnMx(t))

(*) holds since My (k) = En(exp(N - k)).
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4.8 Inequalities and Identities

(Based on Casella/Berger, Section 4.7)

Lemma 4.8.1:
Let a, b be positive numbers and p, ¢ > 1 such that % + % =1 (ie, pg=p+qand qg= p%l).
Then it holds that

1 1
—aP? 4+ =b? > ab
p q

with equality iff aP? = b9.

Proof:
Fix b. Let
1 1
gla) = —a’+ -b7—ab
— g'(a) = a1 —b L0
—b = aP!
—pl = gPDa_ P
g'(a) = (p—1)a"?>0

Since ¢”(a) > 0, this is really a minimum. The minimum value is obtained for b = a?~! and
A 1 1 1 1 1 1

~aP + —(aP 1) —aaP™t = —aP + —aP —aP = aP (= + - — 1) = 0.

p q p q p g

Since ¢”(a) > 0, the minimum is unique and g(a) > 0. Therefore,

g(a) +ab= 1a” + lbq > ab.
p q

Theorem 4.8.2: Holder’s Inequality
Let X,Y be 2 rv’s. Let p,q > 1 such that % + % =1 (ie,pg=p+qand qg= %). Then it
holds that

(| XY ) < (B( X )7 (B(| Y )7,

Proof:
In Lemma 4.8.1, let

| X |
(E( X 7))

RS

>0 and b= ———
(E( Y [7))

==
Q=
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Lemma, 4.8.1} |X|p 1 |Y|q > |XY|
pE(XP)  qE(Y )™ (g X |p)7(E(Y |9)s

Taking expectations on both sides of this inequality, we get

1 1 E(| XY
11 (XY )

P4 (B X )P (E( Y [0)7

The result follows immediately when multiplying both sides with (E(| X |P ))% (BE(lY |q))% ]

Note:

Note that Theorem 4.5.7 (ii) (Cauchy—Schwarz Inequality) is a special case of Theorem 4.8.2
with p = ¢ =2. If X ~ Dirac(0) or Y ~ Dirac(0) and it therefore holds that E(] X |) =0 or
E(]Y |) =0, the inequality trivially holds. |

Theorem 4.8.3: Minkowski’s Inequality
Let X,Y be 2 rv’s. Then it holds for 1 < p < oo that

(E( X +Y [P))F < (E(| X )7+ (E(Y )7.

Proof:

Assume p > 1 (the inequality trivially holds for p = 1):
E(|X+YP) = E(|X+Y|- |X4+YP™hH
< B(X|+|Y]X+Y P
= E(X[|X+YPY) 4 E(Y || X+Y P
<7 O(E(IX D) (E((X + Y P
H(E(Y )7 - (E((X + Y P! ))s (4)
= ((BUXP)r+(E(Y P))r) (B(X + Y[ ))s

Divide the left and right side of this inequality by (E(| X +Y |p))%

The result on the left side is (E(| X +Y |p))1_% =(E(| X+Y |p))%, and the result on the
1 1
right side is ( E(| X |P) )» + ( E(] Y |?) )?. Therefore, Theorem 4.8.3 holds.

In (A), we define ¢ = p%l, a condition to meet Holder’s Inequality. Therefore, % + % =1 and

(p—1)g=p. m
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Definition 4.8.4:

A function g(z) is convex if

gAz 4+ (1= N)y) < Ag(@)+ (1= Ng(y) Vz,y € R YO < A< 1.

Note:

(i) Geometrically, a convex function falls above all of its tangent lines. Also, a connecting
line between any pairs of points (z, g(z)) and (y, g(y)) in the 2-dimensional plane always

falls above the curve.

(ii) A function g(x) is concave iff —g(x) is convex.

|
Theorem 4.8.5: Jensen’s Inequality
Let X be a rv. If g(x) is a convex function, then
E(9(X)) > g(E(X))
given that both expectations exist.
Proof:
Construct a tangent line [(x) to g(z) at the (constant) point z¢p = E(X):
l(x) = ax + b for some a,b € IR

The function g(x) is a convex function and falls above the tangent line {(x)

= g(x) > ax+b VxR

= E(9(X)) = B(aX +b) = aB(X) +b=(E(X)) =" g(E(X))
Therefore, Theorem 4.8.5 holds. [ |

Note:

Typical convex functions g are:

(i) g1(z) =z | = E(X]) =] EX)]
(ii) go(x) =2? = E(X?) > (E(X))? = Var(X)>0.
1 1

(i) g3(z) = L forz >0,p>0 = E(%)zm; forp=1: E(%)Zm

(iv) Other convex functions are a2 for x > 0,p > 1; 6% for 6 > 1; —In(x) for = > 0; etc.
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(v) Recall that if ¢ is convex and differentiable, then ¢”(z) >0 Va.

(vi) If the function g is concave, the direction of the inequality in Jensen’s Inequality is
reversed, i.e., E(g(X)) < g(E(X)).

(vii) Does it hold that E (%) equals %? The answer is no in most cases! Assuming that

X,Y are independent, it is

E (é) ThA53 px). B <i> > B(X) - ——.

Example 4.8.6:

Given the real numbers a1, ao,...,a, > 0, we define
. . 1 1 &
arithmetic mean : ag=—(a1+a2+...+a,) =— Zai
n s
1
1 n n
geometric mean : ag = (a;-ag-... ap)n = < ai>
i=1
] 1 1
harmonic mean : ay = a : N = -
n (H + as +. + E) 1 Z s
n .
i—1 @i

Let X be a rv that takes values a1, aq,...,a, > 0 with probability % each.
(i) aa > ag:

In(aa) = In <%zn:a,>

= In

E
>

In concave

[
==
3 |-
=
5

@
Il
A

S|—= 3=

Taking the anti—log of both sides gives a4 > ag.
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(ii) aa > am:

1/X convex 1
2" B

Inverting both sides gives a4 > ag.

(iii) ag > am:

In concave 1

> E(n(x))

Multiplying both sides with —1 gives Inay < Inag. Then taking the anti-log of both

sides gives ag < ag.
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In summary, ag < ag < aa. Note that it would have been sufficient to prove steps (i) and
(iii) only to establish this result. However, step (ii) has been included to provide another

example how to apply Theorem 4.8.5. [ |

Theorem 4.8.7: Covariance Inequality

Let X be a rv with finite mean p.

(i) If g(x) is non—decreasing, then
E(g(X)(X —p) 20
if this expectation exists.
(ii) If g(z) is non—decreasing and h(z) is non-increasing, then
E(9(X)h(X)) < E(9(X))E(h(X))

if all expectations exist.

(iii) If g(x) and h(z) are both non—decreasing or if g(x) and h(x) are both non—increasing,
then
E(g(X)h(X)) = E(9(X))E(h(X))

if all expectations exist.

Proof:

Homework []

Note:

Theorem 4.8.7 is called Covariance Inequality because

e (ii) implies Cov(g(X), h(X)) <0, and

e (iii) implies Cov(g(X), h(X)) > 0.
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5 Particular Distributions

5.1 Multivariate Normal Distributions
(Based on Casella/Berger, Exercises 4.45 through 4.50)
Definition 5.1.1:

A rv X has a (univariate) Normal distribution, i.e., X ~ N(u,0?) with u € IR and o > 0,
iff it has the pdf

1 1 2
fx(z) = - CyDN
=) V2mo?
X has a standard Normal distribution iff 4 =0 and 02 =1, i.e., X ~ N(0,1). [

Note:
If X ~ N(u,0?), then E(X) = p and Var(X) = o2,

If X1 ~ N(u1,0?), X ~ N(uz,03), X1 and X, independent, and ¢, cy € IR, then

Y =1 X1+ 2 Xo ~ N(c1p1 + capo, c%o*% + 0302).

Definition 5.1.2:
A 2-1rv (X,Y) has a bivariate Normal distribution iff there exist constants a11, a12, a1, age, p1, fto €
IR and iid N(0,1) rv’s Z; and Zs such that

X =p +annzy+ainZs, Y = po+ a2z + axns.

X YA
a1 a - 2 Y Z

then we can write

If we define

Note:

(i) Recall that for X ~ N(u,0?), X can be defined as X = 0Z + p, where Z ~ N (0, 1).

The marginal distributions are X ~ N(u1,a2; + a2y) and Y ~ N(uz, a3, + a3,). Thus,
X and Y have (univariate) Normal marginal densities or degenerate marginal densities

(which correspond to Dirac distributions) if a;; = a;2 = 0.
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(iii) There exists another (equivalent) formulation of the previous defintion using the joint
pdf (see Rohatgi, page 227).

Example:
Let X ~ N(u1,0?), Y ~ N(us,03), X and Y independent.

What is the distribution of ( ;( ) ?

Since X ~ N(p1,0%?), it follows that X = pu1 + 0127, where Z; ~ N(0,1).
Since Y ~ N (pg2,03), it follows that Y = pg + 0275, where Zy ~ N(0,1).

(F)=(5 ) (2) ()

Since X,Y are independent, it follows by Theorem 4.2.7 that Z; = X;“ L and Z, = Y;Q“ 2 are

Therefore,

X
independent. Thus, Z;, Z, are iidd N(0,1). It follows from Definition 5.1.2 that ( v ) has a

bivariate Normal distribution. []

Theorem 5.1.3:
Define g : R?> — R? as g(z) = Cz + d with C € R?>*? a 2 x 2 matrix and d € R? a

2-dimensional vector. If X is a bivariate Normal rv, then g(X) also is a bivariate Normal rv.

Proof:

Q
[><

9(X) =

= (CA) Z+ (Cp+4d)
SN—~— N—_——

another matrix another vector

= AZ+ ft which represents another bivariate Normal distribution

Note:

pPO109 = COU(X,Y) = Cov(a11Z1 + a1222,a21 71 + a2 7Z2)

= anaCou(Zy, Z1) + (anaz + a12a21)Cov(Z1, Z3) + a12a22C0ov(Za, Z3)

= a11a21 + a12a22

since Z1, Zy are iid N(0,1) rv’s. ]
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Definition 5.1.4:

The variance—covariance matrix of (X,Y) is

2 2 2
N — AA/ _ ailp @12 ailp  azi o aiq + aio a11a91 + a12a22 B o7 pPO102
- - - 2 2 - 2 :
az1 a2 a2 a2 a11a21 + 12022 as) + asq pPO102 05

[ |
Note:
det(¥) = |Z| =ofoj — pPoios = oios(1 - p?),
|X| = o1094/1 — p?
and
i 1 < o3 —pO102 ) _ ( U%(ll—pz) szzlp—/ﬂ) )
=\ —poroz ot T3 (=) 03(11—p2)
[ |

Theorem 5.1.5:
Assume that o1 > 0,02 > 0 and | p |[< 1. Then the joint pdf of X = (X,Y) = AZ + pu (as
defined in Definition 5.1.2) is

fx(z) = 277#\/@ exp <—%(£ — Sz - H)>
= s e ((5) 2 (5 (50)+ (422))
Proof:

Since 3 is positive definite and symmetric, A is invertible.

The mapping Z — X is 1-to—1:

X = AZ+p
—Z = AN(X—p)
1
Tl = AT = o
4]
(Al = IA2 = lA] AT] = \JAAT] = \[IS] = \Joto3 — p20t03 = g100/1 - 2

By Definition 5.1.2, it is for Z' = (Z1, Z5):

20 = et Lo
z) = e e
£\ 2 2
1
= %6_%(§T§)



We can apply Theorem 4.3.5 now:

fx@) = o Fexp (- (A4 @ p)
-1

&) exp( —l(x — )TE_I(Q — 1))

271'\/_

This proves the 15! line of the Theorem. Step (x) holds since
(A_l)TA_l — (AT)_lA_l — (AAT)_l — 2—1.

The second line of the Theorem is based on the transformations stated in the Note following
Definition 5.1.4:

fxle) = 277010;/@6}@ <_2(1 i r?) <<x ;1/”)2 — <x ;1/”) (y ;2M2) * <y ;;2)2))

Note:
In the situation of Theorem 5.1.5, we say that (X,Y) ~ N(u1, u2,0%,03, p). ]

Theorem 5.1.6:
If (X,Y) has a non-degenerate N (1, uz2,0%,03,p) distribution, then the conditional distri-
bution of X given Y =y is

N(u1+p (y p2), 07 (1 — p?)).

Proof:

Homework []

Example 5.1.7:
Let rv’s (X1,Y7) be N(0,0,1,1,0) with pdf fi(z,y) and (X2,Y2) be N(0,0,1,1, p) with pdf
fa(x,y). Let (X,Y) be the rv that corresponds to the pdf
1 1
fX,Y(way) = §f1(x7y) + §f2(33,y)

(X,Y) is a bivariate Normal rv iff p = 0. However, the marginal distributions of X and Y are
always N(0,1) distributions. See also Rohatgi, page 229, Remark 2. [ |
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Theorem 5.1.8:
The mgf Mx(t) of a non-singular bivariate Normal rv X’ = (X,Y) is

Mx (t) = Mx,y (t1,t2) = exp(p/t+

1
t'St) = exp (,ultl + pots + 5(0%15% + a%t% + 2p0102t1t2)) .

DO | =

Proof:
The mgf of a univariate Normal rv X ~ N (p, 0?) will be used to develop the mgf of a bivariate
Normal rv X' = (X,Y):

Mx(t) = B(exp(tX))

e 1 )

oo 1 1
= / ——— exp <——[—202t:1: + (2? —2uz + ,u2)]) dx
_ 202

2mo?

© 1 1
— / —— exp (——2[332—2(,u + o’ + (u+te)? — (u+to?)? + u2]> dx
- 2702 20

= exp (—%[—(u +to?)? + u2]> /_O:O 2202 exp ( 212 [z — (p+to )]2> dx

pdf of N(u + to?,0?), that integrates to 1

1
= exp (—ﬁ[—;ﬁ —2uto? — 2ot + ,u2])

—2uto? — t2o?
- P 952

1
= exp (,ut + §U2t2>

Bivariate Normal mgf:

MX,Y (tl, tg) = E(ea:p(th + th))

exp(tiz + t2y) fxv(z,y) dv dy

o0

exp(t1z) exp(tay) fx(z) fyx(y|z) dy dx

L)
- [
/OO (/OO exp(tay) fyix(y | z) dy) exp(tiz) fx(z) do

o0
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A) /°° ( ©_ewlty) (—(y—ﬁx)2

o 09/1 = p2/21 202(1 —p2)> dy) exp(tiz) fx(v) dx

o2
| Bx = p2+p—(x — 1)
o1

oo 1
@ / exp (5)(?52 + =

5731 = )83) exp(ta) Jx(o) da

0 1
= / exp <[,uz + pz—i(:n — p1)]ta + 50’%(1 — s + tlaz) fx(z) dx

_ > 02 02 Lo 24,2
= exp | pate + po_—ltgaz — po_—l,ultg + 50’2(1 —pIty +tiz | fx(x) dx

1 o0 g9
= exp (50 P25 + tops — p— M1t2> / exp ((tl + P—t2)l’> fx(x) dz
oo 01
(@) 1 (o) 1 09
= exp (50 P25 + tapis — p— M1t2> - exp (Ml(tl + Pa—lt2) + 50%@1 + Pa—lt2)2>
1 . 1 1y 50
= exp 50'2152 2752 + poto — mp—tz + pith + mp—tz + 201t1 + poroatits + 2P 0’2152/

ot 4 o313 + 2p0102t1t2>

= exp <M1t1 + poty + 5

(A) follows from Theorem 5.1.6 since Y | X ~ N(Bx,03(1 — p?)). (B) follows when we apply
our calculations of the mgf of a N(u, 0?) distribution to a N(Bx,03(1 — p?)) distribution. (C)
holds since the integral represents My (t1 + pg—ftg). [ |

Corollary 5.1.9:
Let (X,Y) be a bivariate Normal rv. X and Y are independent iff p = 0. ]

Definition 5.1.10:
Let Z be a k-1v of k iid N(0,1) rv’s. Let A € R"* be a k x k matrix, and let u € IR* be

a k—dimensional vector. Then X = AZ + 4 has a multivariate Normal distribution with

mean vector y and variance—covariance matrix ¥ = AA’. [

Note:

(i) If ¥ is non-singular, X has the joint pdf

1 1 e
fx(x) = SBDE exp (—g(i—ﬁ) 5z —E)) .

If ¥ is singular, the joint pdf does exist but it cannot be written explicitly.
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(ii) If X is singular, then X — u takes values in a linear subspace of R* with probability 1.

(iii) If ¥ is non-singular, then X has mgf
/ 1 /
Mx(t) = exp(p't + 5t %t).
(iv) X has characteristic function
. 1 /
Ox(¢) = exp(ipt — 5t 2t)

(no matter whether ¥ is singular or non—singular).

(v) See Searle, S. R. (1971): “Linear Models”, Chapter 2.7, for more details on singular

Normal distributions.

Theorem 5.1.11:
The components Xi,...,X; of a normally distributed k—rv X are independent iff
Cov(X;, X;)=0 Vi,j=1,...,k, i#j. [

Theorem 5.1.12:
Let X' = (X1,...,Xg). X has a k—dimensional Normal distribution iff every linear function
of X,ie., X't =t: X1 +t2Xo + ... 4+ t;, X}, has a univariate Normal distribution.

Proof:
The Note following Definition 5.1.1 states that any linear function of two Normal rv’s has a
univariate Normal distribution. By induction on k, we can show that every linear function of

X, i.e., X't, has a univariate Normal distribution.

Conversely, if X't has a univariate Normal distribution, we know from Theorem 5.1.8 that

MX’;(S) = €xp

By uniqueness of the mgf and Note (iii) that follows Definition 5.1.10, X has a multivariate

Normal distribution. []

128



5.2 Exponential Family of Distributions

(Based on Casella/Berger, Section 3.4)

Definition 5.2.1:
Let ¢ be an interval on the real line. Let {f(:;0) : 6 € ¥} be a family of pdf’s (or pmf’s). We
assume that the set {x : f(x;0) > 0} is independent of 6, where = (x1,...,xy).

We say that the family {f(-;0) : 0 € 9} is a one-parameter exponential family if there
exist real-valued functions Q(6) and D(6) on ¢ and Borel-measurable functions 7'(X) and
S(X) on IR" such that

f(z;0) = exp(Q(O)T(z) + D(0) + S(z)).

Note:

We can also write f(z;0) as

f(xin) = hz)e(n) exp(nT (z))

where h(z) = exp(S(z)), n = Q(8), and ¢(n) = exp(D(Q~'(n))), and call this the exponen-

tial family in canonical form for a natural parameter 7. [ |

Definition 5.2.2:
Let ¥ C IR* be a k-dimensional interval. Let {f(-;6) : § € 9} be a family of pdf’s (or pmf’s).
We assume that the set {z : f(x;0) > 0} is independent of 8, where z = (x1,...,x,).

We say that the family {f(;0) : 8 € ¥} is a k—parameter exponential family if there
exist real-valued functions Q1(8),...Qx(8) and D(f) on ¥ and Borel-measurable functions
T1(X),...,Tp(X) and S(X) on IR" such that

k
f(z;0) = exp <Z Qi(0)T;(z) + D(8) + 5(&)) :

1=1

Note:
Similar to the Note following Definition 5.2.1, we can express the k—parameter exponential

family in canonical form for a natural k x 1 parameter vector n = (n1,...,n;)" as

k
f(z;n) = h(z)c(n) exp <Z mﬂ-(&)) ,
=1
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and define the natural parameter space as the set of points n € W C IR" for which the

integral
k
[ e (Z mﬂ(z)) h(z)dz
R i=1
is finite. -
Note:

If the support of the family of pdf’s is some fixed interval (a,b), we can bring the expression
I(ap)(7) into exponential form as exp(In I(,)(x)) and then continue to write the pdf’s as an
exponential family as defined above, given this family is an exponential family. Note that for
Iiap) () € {0,1}, it follows that In I, ) (x) € {—o0,0} and therefore exp(In [, (7)) € {0,1}

as needed. []

Example 5.2.3:
Let X ~ N(u,0?) with both parameters p and o? unknown. We have:

f(z:0) = 1 (_i( _ )2>_ b 2+ﬁ _u_2_11(2 2)
x;0) = Nomo exp ( —5 (@ =) ) =exp | —552" + 52— o5 — 5 In(2mo
0 = (u0%
¥ = {(u0°):peR,o”>0}
Therefore,
1
Qi1(0) = 552
Ti(z) = 2?
Q) = 5
o
To(x) = =z
2
_ o1 2
D) = 552 3 In(270”)
S(x) = 0

Thus, this is a 2—parameter exponential family.

Canonical form:

f(;0) = exp(Q() T (x) + Q2(0)T2(x) + D(6) + S(x))
= h(x) = exp(S(x)) = exp(0) =1

1
_(m (@@ | oz
ﬂ_<?72> <Q2(Q)> ﬁ
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Therefore, when we solve m =—-—, m=-—5 for 0%, u, we get
20 o
B P S S
2m’ 2m 2m

Thus,

Therefore, f(x;6) can be reparametrized in canonical form as

2
75 1 T 9
in)=1- = — —In(—— + .
f(x;n) exp (4771 5 n ( 771)) exp (mx ngw)

The natural parameter space is
{(m,m2) [ m <0,n2 € R}

because

o0

/ exp (mxz + ngw) -ldx < o0
o0

for 71 < 0 (independent from 7)), but

/ exp (n1x2 + ngw) -1dx  undefined

—0o0

for 71 > 0 (independent from 7).

To Be Continued ...
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IID, 89
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Multivariate Expectation, 100
Multivariate Moment Generating Function, 106
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Normal Distribution, Multivariate, 127
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Pairwise Independent, 20
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PDF, 34

PDF, Conditional, 82

PDF, Joint, 80
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PGF, 72

PM, 4
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PMF, Conditional, 81

PMF, Joint, 80

PMF, Marginal, 80
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Principle of Inclusion—Exclusion, 7
Probability Density Function, 34
Probability Generating Function, 72
Probability Mass Function, 33
Probability Measure, 4
Probability Space, 4

Probability, Conditional, 18
Probability, Induced, 29
Probability, Total, 19
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Random Variable, 25
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Random Vector, n—Dimensional, 78
RV, 25

RV, Bivariate, 80

RV, Continuous, 80

RV, Discrete, 80

RV, Equivalent, 89

RV, Multivariate, 80

Sample Space, 1

Sets, Continuity of, 9

Singular, 35

Standard Normal Distribution, 122
Support, 40

Total Probability, 19
Transformation, 39
Transformation, Multivariate, 93

Univariate Normal Distribution, 122

Variance, 47

Variance—Covariance Matrix, 124
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